Computation of the p6 order chiral Lagrangian coefficients from the
  underlying theory of QCD by Jiang, Shao-Zhou et al.
ar
X
iv
:0
90
7.
52
29
v4
  [
he
p-
ph
]  
4 D
ec
 20
09
TUHEP-TH-09169
Computation of the p6 order chiral Lagrangian coefficients
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We present results of computing the p6 order low energy constants in the normal part of chiral
Lagrangian both for two and three flavor pseudo-scalar mesons. This is a generalization of our
previous work on calculating the p4 order coefficients of the chiral Lagrangian in terms of the quark
self energy Σ(p2) approximately from QCD. We show that most of our results are consistent with
those we can find in the literature.
PACS numbers: 12.39.Fe, 11.30.Rd, 12.38.Aw, 12.38.Lg
I. INTRODUCTION
Chiral Lagrangian for low lying pseudoscalar mesons[1][2] as the most successful effective field theory is now widely
used in various strong, weak and electromagnetic processes. To match the increasing demand for higher precision in
low energy description of QCD, the applications of the low energy expansion of the chiral Lagrangian is extended
from early time discussions on the leading p2 and next to leading p4 orders to present p6 order. For the latest review,
see Ref.[3]. In the chiral Lagrangian, there are many unknown phenomenological low energy constants (LECs) which
appear in front of each Goldstone field dependent operators and the number of the LECs increases rapidly when we
go to the higher orders of the low energy expansion. For example for the three flavor case, the p2 and p4 order chiral
Lagrangian have 2 and 10 LECs respectively, while the normal part of p6 order chiral Lagrangian have 90 LECs. Such
a large number of LECs is very difficult to fix from the experiment data. This badly reduces the predictive power
of the chiral Lagrangian and blur the check of its convergence. The area of estimating p6 order LECs is where most
improvement is needed in the future of higher order chiral Lagrangian calculations.
A way to increase the precision of the low energy expansion and improve the present embarrassed situation is
studying the relation between the chiral Lagrangian and the fundamental principles of QCD. We expect that this
relation will be helpful for understanding the origin of these LECs and further offer us their values. In previous
paper [4], based on a more earlier study of deriving the chiral Lagrangian from the first principles of QCD [5] in
which LECs are defined in terms of certain Green’s functions in QCD, we have developed techniques and calculated
the p2 and p4 order LECs approximately from QCD. Our simple approach involves the approximations of taking the
large-Nc limit, the leading order in dynamical perturbation theory, and the improved ladder approximation, thereby
the relevant Green’s functions relate to LECs are expressed in terms of the quark self energy Σ(p2). The result chiral
Lagrangian in terms of the quark self energy is proved equivalent to a gauge invariant, nonlocal, dynamical (GND)
quark model[6]. By solving the Schwinger-Dyson equation (SDE) for Σ(p2), we obtain the approximate QCD predicted
LECs which are consistent with the experimental values. With these results, generalization of the calculations to p6
order LECs becomes the next natural step. Considering that the algebraic derivations for those formulae to express
LECs in terms of the quark self energy at p4 order are lengthy (they need at least several months of handwork), it
is almost impossible to achieve the similar works for the p6 order calculations just by hand. Therefore, to realize the
calculations for the p6 order LECs, we need to computerize the original calculations and this is a very hard task.
The key difficulty comes from that the formulation developed in Ref.[7] and exploited in Ref.[4] not automatically
keeps the local chiral covariance of the theory and one has to adjust the calculation procedure by hand to realize the
covariance of the results. To match with the computer program, we need to change the original formulation to a chiral
covariant one. In Ref.[8, 9, 10], we have built and developed such a formulation, followed by next several year’s efforts,
we now successfully encode the formulation into computer programs. With the help of these computer codes we can
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reproduce analytical results on the computer originally derived by hand in Ref.[4] within 15 minutes now. This not
only confirms the reliability of the program itself, but also checks the correctness of our original formulae. Based on
these progresses, in this paper, we generalize our previous works on calculating the p4 order LECs to computing the
p6 order LECs of chiral Lagrangian both for two and three flavor pseudo-scalar mesons. This generalization not only
produces new numerical predictions for the p6 order LECs, but also forces us to reexamine our original formulation
from a new angle in dealing with p2 and p4 order LECs.
This paper is organized as follows: In Sec.II, we review our previous calculations on the p2 and p4 order LECs.
Then, in Sec.III, based on the technique developed in Ref.[8], we reformulate the original low energy expansion used
in Ref.[4] into a chiral covariant one suitable for computer derivation. In Sec.IV, from present p6 order viewpoint, we
reexamine the formulation we taken before and show that if we sum all higher order anomaly part contributions terms
together, their total contributions to the normal part of the chiral Lagrangian vanish. This leads a change the role
of finite p4 order anomaly part contributions which originally are subtracted in the chiral Lagrangian in Ref.[4] and
now must be used to cancel divergent higher order anomaly part contributions. We reexhibit the numerical result of
the p4 order LECs without subtraction of p4 order anomaly part contributions. In Sec.V, we present general p6 order
chiral Lagrangian in terms of rotated sources and express the p6 order LECs in terms of the quark self energy. Sec.VI
is a part where we give numerical results for p6 order LECs in the normal part of chiral Lagrangian both for two
and three flavor pseudo scalar mesons. In Sec. VII, we apply and compare with our results to some individuals and
combinations of LECs proposed and estimated in the literature, checking the correctness of our numerical predictions.
Sec.VIII is a summary. In Appendices, we list some necessary formulae and relations.
II. REVIEW OF THE CALCULATIONS ON THE p2 AND p4 ORDER LECS
Theoretically, the action of the chiral Lagrangian at large Nc limit derived from the first principle of QCD takes
form [5]
Seff = −iNcTr ln[i/∂ + JΩ −ΠΩc] + iNcTr ln[i/∂ + JΩ]− iNcTr ln[i/∂ + J ] +NcTr[ΦΩcΠ
T
Ωc] (1)
+Nc
∞∑
n=2
∫
d4x1 · · · d
4x′n
(−i)n(Ncg
2
s)
n−1
n!
G¯σ1···σnρ1···ρn (x1, x
′
1, · · · , xn, x
′
n)Φ
σ1ρ1
Ωc (x1, x
′
1) · · ·Φ
σnρn
Ωc (xn, x
′
n) +O(
1
Nc
)
in which JΩ is external source J including currents and densities after Goldstone field dependent chiral rotation Ω
JΩ = [ΩPR +Ω
†PL][J + i/∂][ΩPR +Ω
†PL] = /vΩ + /aΩγ5 − sΩ + ipΩγ5 J = /v + /aγ5 − s+ ipγ5 U = Ω
2 . (2)
ΦΩc and ΠΩc are two point rotated quark Green’s function and interaction part of two point rotated quark vertex in
presence of external sources respectively, ΦΩc is defined by
ΦσρΩc(x, y) ≡
1
Nc
〈ψ
σ
Ω(x)ψ
ρ
Ω(y)〉 = −i[(i/∂ + JΩ − ΠΩc)
−1]ρσ(y, x) ψΩ(x) ≡ [Ω(x)PL +Ω
†(x)PR]ψ(x) (3)
with subscript c denoting the classical field and ψ(x) being light quark fields. G¯
σ1···σn
ρ1···ρn
(x1, x
′
1, · · · , xn, x
′
n) is effective
gluon n-point Green’s function and gs is coupling constant of QCD. It can be shown that the last term in the first
line and the term in the second line of the r.h.s. of Eq.(1) are independent of pseudo scalar meson field U or Ω and
therefore are just irrelevant constants in the effective action. While the second and third terms in the first line of the
r.h.s. of Eq.(1) are anomaly part contributions, since they represent the variations of the path integral measure for
light quark fields ψ. The remaining first term is called normal part contributions which relies on ΠΩc. The ΦΩc and
ΠΩc are related by the first equation of (3) and determined by
[ΦΩc + Ξ˜]
σρ +
∞∑
n=1
∫
d4x1d
4x′1 · · · d
4xnd
4x′n
(−i)n+1(Ncg
2
s)
n
n!
G
σσ1···σn
ρρ1···ρn
(x, y, x1, x
′
1, · · · , xn, x
′
n)
×Φσ1ρ1Ωc (x1, x
′
1) · · ·Φ
σnρn
Ωc (xn, x
′
n) = O(
1
Nc
), (4)
where Ξ˜ is a Lagrangian multiplier which insures the constraint trl[γ5Φ
T
Ωc(x, x)] = 0. Eq.(4) is the SDE in presence
of the rotated external source. In Ref.[4], we have assumed the solution of (4) approximately by
ΠσρΩc(x, y) = [Σ(∇
2
x)]
σρδ4(x− y) ∇
µ
x = ∂
µ
x − iv
µ
Ω(x) , (5)
2
where Σ is the quark self energy which satisfy SDE (4) with vanishing rotated external source. Under the ladder
approximation, this SDE in Euclidean space-time is reduced to the standard form of
Σ(p2)− 3C2(R)
∫
d4q
4pi3
αs[(p− q)
2]
(p− q)2
Σ(q2)
q2 +Σ2(q2)
= 0 , (6)
where C2(R) is the second order Casimir operator of the quark representation R, in our case, quark is belong to
SU(Nc) fundamental representation, therefore C2(R) = (N
2
c − 1)/2Nc and in the large Nc limit, we will neglect the
second term of it. αs(p
2) is the running coupling constant of QCD which depends on Nc and quark flavor. With these
approximations, the result action (1) of the chiral Lagrangian becomes the GND model introduced in Ref.[6],
Seff ≈ SGND +O(
1
Nc
) SGND ≡ −iNcTr ln[i/∂ + JΩ − Σ(∇
2
)] + iNcTr ln[i/∂ + JΩ]− iNcTr ln[i/∂ + J ] . (7)
In which the third term at r.h.s. of (7) is independent of pseudo scalar field U , therefore it only affects contact term
of the chiral Lagrangian. In fact, for the contact term part, we can take Ω = 1 in (7), then
Seff
∣∣∣∣
contact
≈ −iNcTr ln{i/∂ + J − Σ[(∂ − iv)
2)]}+O(
1
Nc
) . (8)
For the non-contact terms concerned in this paper, we can ignore the third term at r.h.s. of (7) and the next key
element is to compute term Tr ln[i/∂+JΩ−Σ(∇
2
)]. The remaining term Tr ln[i/∂+JΩ] in our previous work is obtained
by further taking limit Σ→ 0 in Tr ln[i/∂ + JΩ − Σ(∇
2
)] 1. Since anomaly terms are at least the p4 order and at this
order, anomaly is the well known Wess-Zumino terms which have no unknown LECs (In Ref.[11], we have derived
such terms from QCD). All unknown LECs at p2 and p4 orders are in the normal part of chiral Lagrangian, so to
calculate the p2 and p4 orders LECs, we only need to discuss the normal part of chiral Lagrangian which is in fact the
real part of Tr ln(· · · ). With the help of Schwinger proper time method [7], this real part in Euclidean space-time2
with metric tensor gµν = diag(1, 1, 1, 1), can be written as
ReTr ln[/∂ − i/vΩ − i/aΩγ5 − sΩ + ipΩγ5 +Σ(−∇¯
2)]
=
1
2
Tr ln
[
[/∂ − i/vΩ − i/aΩγ5 − sΩ + ipΩγ5 +Σ(−∇¯
2)]†[/∂ − i/vΩ − i/aΩγ5 − sΩ + ipΩγ5 +Σ(−∇¯
2)]
]
= −
1
2
lim
Λ→∞
∫ ∞
1
Λ2
dτ
τ
∫
d4x tr〈x| exp
[
− τ [E¯ − (∇¯ − iaΩ)
2 + Σ2(−∇¯2) + IˆΩΣ(−∇¯
2) + Σ(−∇¯2)I˜Ω − d/ Σ(−∇¯
2)]
]
|x〉
= −
1
2
lim
Λ→∞
∫ ∞
1
Λ2
dτ
τ
∫
d4x
∫
d4k
(2pi)4
tr exp
[
− τ [E¯ + (k + i∇¯x + aΩ)
2 +Σ2((k + i∇¯x)
2) + IˆΩΣ((k + i∇¯x)
2)
+Σ((k + i∇¯x)
2)I˜Ω − d/ Σ((k + i∇¯x)
2)]
]
, (9)
in which
E¯ =
i
4
[γµ, γν ]R
µν + γµd
µ(sΩ − ipΩγ5) + iγµ[a
µ
Ωγ5(sΩ − ipΩγ5) + (sΩ − ipΩγ5)a
µ
Ωγ5] + s
2
Ω + p
2
Ω − [sΩ, pΩ]iγ5
dµO ≡ ∂µO − i[vµΩ,O] (O = any operator) R
µν= V µνΩ − i[a
µ
Ω, a
ν
Ω] + (d
µaνΩ − d
νaµΩ)γ5 VΩ,µν= i[∇¯µ, ∇¯ν ]
∇¯µx = ∂
µ− ivµΩ(x) IˆΩ = −ia/Ωγ5 − sΩ − ipΩγ5 I˜Ω = −ia/Ωγ5 − sΩ + ipΩγ5 d/ Σ(−∇¯
2) = γµd
µΣ(−∇¯2) .
In (9), a cutoff Λ is introduced into the theory to regularize the possible ultraviolet divergences. In practical calcula-
tions, we treat it as the physical cutoff of the theory. Taking the low energy expansion for (9), we can finally express
Tr ln[i/∂+ JΩ−Σ(∇
2
)] in terms of power expansion of external sources with coefficients being Σ dependent functions.
Further vanishing Σ, we obtain Tr ln[i/∂ + JΩ]. Then the r.h.s. of (7) is expressed in terms of power expansion of
1 This will cause some confusions and we are going to discuss them in section IV.
2 Our extension from Minkovski space to Euclidean space takes x0|M → −ix
4|E , x
i|M → x
i|M , γ
0|M → γ
4|E , γ
i|M → iγ
i|E , with
i = 1, 2, 3 being space indices and there γµ
E
are hermitian. vµ
Ω
, a
µ
Ω
transform as xµ. γ5|M → γ5|E , s|M → −s|E , p|M → −p|E.
3
rotated external sources, compare the result with the parametrization of the effective action without applying the
equations of motion for pseudo scalar mesons,
Seff =
∫
d4x trf
[
F 20 a
2
Ω + F
2
0B0sΩ −K
(norm,ΠΩc 6=0)
1 [dµa
µ
Ω]
2 −K
(norm,ΠΩc 6=0)
2 (d
µaνΩ − d
νaµΩ)(dµaΩ,ν − dνaΩ,µ)
+K
(norm,ΠΩc 6=0)
3 [a
2
Ω]
2 +K
(norm,ΠΩc 6=0)
4 a
µ
Ωa
ν
ΩaΩ,µaΩ,ν +K
(norm,ΠΩc 6=0)
5 a
2
Ωtrf [a
2
Ω]
+K
(norm,ΠΩc 6=0)
6 a
µ
Ωa
ν
Ωtrf [aΩ,µaΩ,ν ] +K
(norm,ΠΩc 6=0)
7 s
2
Ω +K
(norm,ΠΩc 6=0)
8 sΩtrf [sΩ] +K
(norm,ΠΩc 6=0)
9 p
2
Ω
+K
(norm,ΠΩc 6=0)
10 pΩtrf [pΩ] +K
(norm,ΠΩc 6=0)
11 sΩa
2
Ω + K
(norm,ΠΩc 6=0)
12 sΩtrf [a
2
Ω]−K
(norm,ΠΩc 6=0)
13 V
µν
Ω VΩ,µν
+iK
(norm,ΠΩc 6=0)
14 V
µν
Ω aΩ,µaΩ,ν +K
(norm,ΠΩc 6=0)
15 pΩdµa
µ
Ω
]
+O(p6) + U -independent source terms. (10)
We can read out F 20 , B0 and K
(norm,ΠΩc 6=0)
i for i = 1, . . . , 15 as functions of Σ. K
(norm,ΠΩc 6=0)
i s relate to the conventional
p4 order LECs through (25) of Ref.[4]. A superscript (norm,ΠΩc 6=0) on each of Ki denotes the property that when
ΠΩc = Σ = 0, all Ki vanish, i.e.
K
(norm,ΠΩc 6=0)
i = K
(norm)
i −K
(norm,ΠΩc=0)
i K
(norm)
i
Σ=0
==== K
(norm,ΠΩc=0)
i i = 1, . . . , 15 , (11)
where K
(norm)
i and −K
(norm,ΠΩc=0)
i are the contributions to the effective action from the first, second and third terms
in the r.h.s. of (7) respectively. Replacing superscript (norm,ΠΩc 6=0) with (norm) in the r.h.s. of (10), we obtain term
−iNcTr ln[i/∂+ JΩ−Σ(∇
2
)]. And replacing superscript (norm,ΠΩ 6=0) with (norm,ΠΩ=0) and vanishing F 20 in the r.h.s. of
(10) , we obtain term −iNcTr ln[i/∂+ JΩ] + iNcTr ln[i/∂+ J ]. The result formulae for F
2
0B0, F
2
0 and K
(norm)
i expressed
in terms of Σ are explicitly given in (34), (35) and (36) in Ref.[4].
With the analytical formulae for LECs of F 20 , B0 and K
(norm,ΠΩc 6=0)
i for i = 1, . . . , 15 as functions of Σ, we can
suitably choose running coupling constant αs(p
2), solve SDE (6) numerically obtaining quark self energy Σ, then
calculate the numerical values of all p2 and p4 order LECs. To obtain the final numerical result in Ref.[4], we have
assumed F0 = fpi = 93MeV as input
3 to fix the dimensional parameter ΛQCD appear in running coupling constant
αs(p
2) and taken cutoff parameter Λ appear in (9) equal to infinity and 1GeV respectively. The final obtained values
are consistent with those fixed phenomenologically.
III. CHIRAL COVARIANT LOW ENERGY EXPANSION
Eq.(9) is the starting point of our reformulation in this section. In Ref.[4], we expand (9) up to the p4 order and
obtain analytical result. This expansion is not explicitly chiral covariant, since the operator ∇¯µx appears in the formula
is not always covariant under the local chiral symmetry transformations. For example, when ∇¯µx acts on a constant
number 1, it gives ∇¯µx 1 = −iv
µ
Ω(x) which is not covariant since v
µ
Ω(x) itself behaves as the gauge field in the local
chiral symmetry transformations. Only when they combined into commutators, such as [∇¯µx , ∇¯
ν
x] or [∇¯
µ
x, a
ν
Ω(x)], the
covariance recovers back. Therefore in the detail calculation, we need to confirm that all ∇¯µxs appear in the result do
can be arranged into some commutators. This is a conjecture. In the original work of Ref.[4], we have found that
this conjecture is valid up to some terms with coefficients being expressed as integration over some total derivatives,
i.e. form of
∫
d4k ∂
∂kµ
g(k). If we ignore these total derivative terms, up to order of p4, we can explicitly prove the
conjecture. At the stage of our earlier works, we do not question the reason that why we can drop out those total
derivative terms (In fact, in Eq.(74) of Ref.[5], we have shown that in order to obtain the well-known Pagels-Stokar
formula, a total derivative term must be dropped out). This leads the further discussions on the role of total derivative
terms in the quantum field theory [10]. Later in this section, we will give the correct reason of dropping out those
total derivative terms. Arranging various ∇¯µx into commutators is a very tricky and complex task which is very hard
to be achieved by computer. In order to computerize the calculation, we need to find a way which can automatically
arrange all ∇¯µxs into some commutators. This leads the developments given in Ref.[8, 9, 10], where we have introduced
kµ + i∇¯µx = e
i∇¯x·
∂
∂k
(
kµ + F˜µ(∇¯,
∂
∂k
)
)
e−i∇¯x·
∂
∂k , (12)
3 Later we will use a changed value of F0 = 87MeV for two-flavour case. For detail, see the discussion of Eq.(58)
4
in which
F˜µ(∇¯,
∂
∂k
) ≡ −eAd(−i∇¯x·
∂
∂k
)
(
F
[
Ad(i∇¯x ·
∂
∂k
)
]
(i∇¯µx)
)
=
1
2
(νµ)
∂
∂kν
−
i
3
(λνµ)
∂2
∂kλ∂kν
−
1
8
(ρλνµ)
∂3
∂kρ∂kλ∂kν
+
i
30
(σρλνµ)
∂4
∂kσ∂kρ∂kλ∂kν
+
1
144
(δσρλνµ)
∂5
∂kδ∂kσ∂kρ∂kλ∂kν
+O(p7) , (13)
F (z) =
∞∑
n=2
zn−1
n!
[Ad(B)]n(C) ≡ [B, [B, · · · , [B︸ ︷︷ ︸
n times
, C] · · · ]] ,
(µnµn−1 · · ·µ2µ1) ≡ [∇
µn
x , [∇
µn−1
x , · · · , [∇
µ2
x ,∇
µ1
x ] · · · ]] ,
where the default set of Lorentz indices for (µnµn−1 · · ·µ2µ1) is the supperscripts, in some cases, we need subscript,
we will use µ to denote the corresponding subscript for µ. Note that in present notation for (µnµn−1 · · ·µ2µ1), we
don’t explicitly write ∇xs, but only their Greek superscripts for short. If we use other symbols, such as sΩ appeared
in (µsΩ) and a
ν
Ω in (µa
ν
Ω), then we take definition that (µsΩ) ≡ [∇
µ
x, sΩ] and (µa
ν
Ω) ≡ [∇
µ
x, a
ν
Ω].
Substitute (12) into (9), we change (9) to
ReTr ln[/∂ − i/vΩ − i/aΩγ5 − sΩ + ipΩγ5 +Σ(−∇¯
2)]
= −
1
2
lim
Λ→∞
∫ ∞
1
Λ2
dτ
τ
∫
d4x
∫
d4k
(2pi)4
tr ei∇¯
µ
x ·
∂
∂k exp
{
− τ
[
E˜ + (k + F˜ )2 + a˜µγ5(k
µ + F˜µ) + (kµ + F˜µ)a˜µγ5 + a˜
2
+Σ2
(
(k + F˜ )2
)
+ J˜Σ
(
(k + F˜ )2
)
+Σ
(
(k + F˜ )2
)
K˜ − γµ
[
˜¯∇µx ,Σ
(
(k + F˜ )2
)]]}
· 1 (14)
with tilde operation defined as
O˜ ≡ O − i(νO)
∂
∂kν
−
1
2
(λνO)
∂2
∂kλ∂kν
+
i
6
(ρλνO)
∂3
∂kρ∂kλ∂kν
+
1
24
(σρλνO)
∂4
∂kσ∂kρ∂kλ∂kν
(15)
−
i
120
(δσρλνO)
∂5
∂kδ∂kσ∂kρ∂kλ∂kν
+O(p7) ,
where O˜ ≡ (E˜, J˜ , K˜, a˜µ, a˜2, ˜¯∇µx)
T andO ≡ (E, Iˆ, I˜, aµΩ, a
2
Ω, ∇¯
µ
x)
T . Note that for finite cutoff Λ, the value of parameter τ
must be real and larger than zero, the term e−τk
2
in (14) then provides a natural suppression factor for the momentum
integration and this leads the convergence of the integration. For a converged integration, we can replace the term
ei∇¯
µ
x ·
∂
∂k in front of the integration kernel in (14) by 1, since the difference (ei∇¯
µ
x ·
∂
∂k − 1) · · · are some momentum total
derivative terms which vanish as long as we have nontrivial suppression factor e−τk
2
. With these considerations, (14)
becomes
ReTr ln[/∂ − i/vΩ − i/aΩγ5 − sΩ + ipΩγ5 +Σ(−∇¯
2)] = −
1
2
lim
Λ→∞
∫ ∞
1
Λ2
dτ
τ
∫
d4x
∫
d4k
(2pi)4
tr eB · 1 , (16)
B ≡ −τ
[
E˜ + (k + F˜ )2 + a˜µγ5(k
µ + F˜µ) + (kµ + F˜µ)a˜µγ5 + a˜
2 +Σ2
(
(k + F˜ )2
)
+ J˜Σ
(
(k + F˜ )2
)
+Σ
(
(k + F˜ )2
)
K˜
−γµ
[
˜¯∇µx ,Σ
(
(k + F˜ )2
)]]
. (17)
From (17), we see that all ∇¯µ in (16) appear as commutators, therefore (16) and (17) offer a covariant formulation
which matches the general result that the real part of Trln · · · should be invariant under local chiral transformations.
The price is that we need to handle many momentum derivatives on the exponential and the result computations
become extremely lengthy. But as long as our reformulation is suitable to computerize, it is worth to pay such a price.
To deal the next problem of derivatives on the exponential, we first take the low energy expansion on B
B = B0 +B1 +
1
2
B2 +
1
3!
B3 +
1
4!
B4 +
1
5!
B5 +
1
6!
B6 + · · · (18)
with 1
n!Bn is the p
n order part of B. Further introduce a parameter t dependent B(t) as
B(t) = B0 + tB1 +
t2
2
B2 +
t3
3!
B3 +
t4
4!
B4 +
t5
5!
B5 +
t6
6!
B6 + · · · B = B(t)
∣∣∣∣
t=1
. (19)
5
Then take Taylor expansion of eB(t) at point t = 0,
eB = eB(t)
∣∣∣∣
t=1
= eB0 + [
d
dt
eB(t)]t=0 +
1
2!
[
d2
dt2
eB(t)]t=0 +
1
3!
[
d3
dt3
eB(t)]t=0 +
1
4!
[
d4
dt4
eB(t)]t=0 + . . . . (20)
With the help of identities
[
d
dτ
eB]e−B = f(Ad(B))(
dB
dτ
) f(z) =
ez − 1
z
= 1 +
z
2!
+
z2
3!
+ · · · . (21)
One can explicitly work out 1
n! [
dn
dtn
eB(t)]t=0, for several lowest orders
d
dt
eB(t)
∣∣∣∣
t=0
= eB0f [Ad(−B0)](B1) , (22)
d2
dt2
eB(t)
∣∣∣∣
t=0
=
d
dt
eB(t)
∣∣∣∣
t=0
f [Ad(−B0)](B1) + e
B0
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + e
B0f [Ad(−B0)](B2) , (23)
where
dmf
dtm
[Ad(−B(t))] =
∞∑
n=0
1
(n+ 1)!
dm
dtm
[Ad(−B(t))]n . (24)
For more higher orders needed in our computations, we list the results of d
3
dt3
eB(t)
∣∣∣∣
t=0
, d
4
dt4
eB(t)
∣∣∣∣
t=0
, d
5
dt5
eB(t)
∣∣∣∣
t=0
and
d6
dt6
eB(t)
∣∣∣∣
t=0
in Appendix A.
With the help of (22), (23) and (A1)-(A4) , as long as the B0, B1, B2, B3, B4, B5, B6 are known, (20) is known and
we can substitute it back into (16) to calculate the real part of −iNcTr ln[i/∂ + JΩ −Σ(∇
2
)] order by orders up to the
p6 order in the low energy expansion. To obtain Bi, (17) tells us that the difficulty is the low energy expansion for
Σ
(
(k + F˜ )2
)
. To achieve it, we expand the argument of Σ
(
(k + F˜ )2
)
as
(k + F˜ )2 = k2 +
1
2
A2 +
1
6
A3 +
1
24
A4 +
1
120
A5 +
1
720
A6 +O(p
5,6)|traceless +O(p
7) , (25)
in which
A2 = −2(µν)kµ
∂
∂kν
, (26)
A3 = 4i(µνλ)kν
∂2
∂kµ∂kλ
+ 2i(µµν)
∂
∂kν
, (27)
A4 = 6(µνλρ)kλ
∂3
∂kµ∂kν∂kρ
+ 6(µν)(µλ)
∂2
∂kν∂kλ
+ 3(µννλ)
∂2
∂kµ∂kλ
+ 3(µνµλ)
∂2
∂kν∂kλ
, (28)
A5 = 0 , (29)
A6 = −90(µνλρ)(λσ)
∂4
∂kµ∂kν∂kρ∂kσ
− 80(µνλ)(ρνσ)
∂4
∂kµ∂kλ∂kρ∂kσ
. (30)
Since we are only interested in the terms not higher than p6, we find that those traceless terms of p5 and p6 orders
will not make contributions to the final result. So to save space and simplify the computations, we do not explicitly
write down the detail structure of them, just represent these terms with symbol O(p5,6)|traceless and remove traceless
term in A5 and A6. Further introduce A(t) as,
A(t) ≡ k2 +
t2
2
A2 +
t3
6
A3 +
t4
24
A4 +
t5
120
A5 +
t6
720
A6 +O(p
5,6)|traceless +O(p
7) A(t) =


k2 t = 0
(k + F˜ )2 t = 1
. (31)
Then
Σ
(
(k + F˜ )2
)
= Σ(k2) +
[
d
dt
Σ[A(t)]
]
t=0
+
1
2!
[
d2
dt2
Σ[A(t)]
]
t=0
+
1
3!
[
d3
dt3
Σ[A(t)]
]
t=0
+
1
4!
[
d4
dt4
Σ[A(t)]
]
t=0
+ . . . .(32)
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Now, we need to know
[
dm
dtm
Σ[A(t)]
]
t=0
, using the following formula
Σ[A(t)] = Σ[s+A(t)]
∣∣∣∣
s=0
= eA(t)
∂
∂sΣ(s)e−A(t)
∂
∂s
∣∣∣∣
s=0
= eA(t)
∂
∂sΣ(s)
∣∣∣∣
s=0
, (33)
then [
dm
dtm
Σ[A(t)]
]
t=0
=
[
dm
dtm
eA(t)
∂
∂s
]
t=0
Σ(s)
∣∣∣∣
s=0
. (34)
Therefore to compute
[
dm
dtm
Σ[A(t)]
]
t=0
, we only need to calculate
[
dm
dtm
eA(t)
∂
∂s
]
t=0
Σ(s)
∣∣∣∣
s=0
which is just equivalent to
replace Bl → Al
∂
∂s
in (22),(23) and (A1)-(A4), followed by multiplying an extra factor Σ(s) at the r.h.s. and vanishing
parameter s after finishing all differential operations. Follow this calculation road map, the detail calculation gives[
d
dt
Σ[A(t)]
]
t=0
= eAd(A0
∂
∂s
)(f [Ad(−A0
∂
∂s
)]A1)Σ
′(s+A0)
∣∣∣∣
s=0
= 0 , (35)
1
2
[
d2
dt2
Σ[A(t)]
]
t=0
=
1
2
eAd(A0
∂
∂s
)
[(
e−A0
∂
∂s
d
dt
eA(t)
∂
∂s
∣∣∣∣
t=0
f [Ad(−A0
∂
∂s
)](A1
∂
∂s
) +
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
)
+f [Ad(−A0
∂
∂s
)](A2
∂
∂s
)
)]
Σ(s+A(t))
∣∣∣∣
s=0
= −(µ, ν)kµΣ
′
k
∂
∂kν
, (36)
where Σk ≡ Σ(k
2). For more higher orders, we list the results of
[
d3
dt3
Σ[A(t)]
]
t=0
,
[
d4
dt4
Σ[A(t)]
]
t=0
,
[
d5
dt5
Σ[A(t)]
]
t=0
and
[
d6
dt6
Σ[A(t)]
]
t=0
in Appendix A. With these results, we finally obtain the low energy expansion of B,
B0 = −τ(k
2 + Σ2k) , (37)
B1 = 2τ(−a
µ
Ωkµ + ia
µ
ΩγµΣk)γ5 , (38)
B2 = −2a
2
Ωτ + (µν)γµγντ − a
µ
Ωa
ν
Ω[γµ, γν ]τ − i(d
µaνΩ − d
νaµΩ)γµγνγ5τ + 4sΩτΣk + 2(µν)τkµ
∂
∂kν
+ 4(µaνΩ)γνγ5τkµΣ
′
k
+4(µaνΩ)γνγ5τΣk
∂
∂kµ
+ 2i(µaΩµ)γ5τ + 4i(µa
ν
Ω)γ5τkν
∂
∂kµ
+ 4i(µν)γµτkνΣ
′
k + 4(µν)τkµΣkΣ
′
k
∂
∂kν
. (39)
We list B3, B4, B5, B6 in Appendix.A. With these explicit expressions for B0, B1, B2, B3, B4, B5, B6, using (22), (23)
and (A1)-(A4) , we get (20) and further substitute (20) back into (16), we can obtain the real part of −iNcTr ln[i/∂ +
JΩ − Σ(∇
2
)] order by orders up to the p6 order in the low energy expansion. The analytical results of p2 and p4
orders are the same as those given by (34),(35) and (36) in Ref.[4], except some total derivative terms which, as we
mentioned before, can be ignored as long as we take finite cutoff Λ.
IV. AMBIGUITIES IN THE ANOMALY PART CONTRIBUTIONS TO THE CHIRAL LAGRANGIAN
In the last section, we have introduced a chiral covariant method to calculate Tr ln[i/∂+JΩ−Σ(∇
2
)] which is already
computerized now. With the help of computer, for the p2 and p4 order analytical formulae in the low energy expansion,
we can get results within 15 minutes, while for the p6 order terms, we need roughly 13 hours to output all expansion
results. From our general result (7), the term−iNcTr ln[i/∂+JΩ−Σ(∇
2
)] is the normal part. To get the full result of the
chiral Lagrangian, we need to calculate the remaining anomaly part contributions iNcTr ln[i/∂+JΩ]− iNcTr ln[i/∂+J ].
As the discussion of Ref.[12], in 1980s there is a class of works (see references given in [12]) identifying this part
as the full chiral Lagrangian, and in Ref.[12] we refer them as the anomaly approach of calculating LECs. In our
previous work [4], we pointed out that this anomaly part contributions are completely canceled by the normal part
contribution, left nontrivial pure Σ dependent terms contribute to the chiral Lagrangian.
For the anomaly part contributions, the key is to calculate the U field dependent term Tr ln[i/∂ + JΩ] which, as we
mentioned before, can be obtained by vanishing Σ in Tr ln[i/∂ + JΩ −Σ(∇
2
)]. In practice, the limit was taken by first
assuming Σ being a constant mass m and then letting m → 0. For p2 order, this operation gives null result, while
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for p4 order, it gives the result originally presented in anomaly approach. Now in this work, naively what we need
to do is to generalize the calculation to p6 order. But to our surprise, we get many terms with divergent coefficients.
Checking the calculation carefully, we find that the reason of appearance of infinities is due to the fact that most of
the coefficients in front of the p6 order operators have dimension of 1/m2 which goes to infinity when we take limit
Σ = m → 0. Note that the p6 terms may also have coefficients of 1/Λ2 which are finite in the limit of m → 0 ,
although they vanish when we take Λ → ∞. These terms are irrelevant to our discussion on the divergence of p6
order terms and therefore we do not need to care about them. Applying the argument on 1/m2 dependence of the
p6 order coefficients back to the p2 and p4 order results we discussed before, coefficients in front of p2 order operators
have dimension of m2 which goes to zero, this explains the phenomena that anomaly approach can not produce p2
order terms. For p4 order, the coefficients in front of operators are dimensionless and therefore the m dependence is
at most logarithmic of form lnm/Λ which implies existence of a logarithmic ultraviolet divergence. Since we know
that in the large Nc limit, the p
4 order LECs (non-contact coefficients) are not divergent, the lnm/Λ term then can
not appear in the final expression of these LECs, therefore in p4 order, anomaly approach leads finite result LECs.
In general for a p2n order operator, the corresponding coefficient should has dimension 1/m2(n−2). This implies that
the infinity in the anomaly part contributions will be a general phenomena, when we go to the higher orders of the
low energy expansion, since the more higher the order is, the more negative powers of m dependence the coefficient
will have and these negative powers of m will result in infinities as we take limit Σ = m→ 0.
The appearance of these high order infinities provides another evidence that the anomaly approach is not a correct
formulation in calculating LECs, at least not for the p6 and more higher order LECs. Since high order divergence
term is as an addition part of our general result (7), we can not avoid them in our computations. How to deal with
these high order infinities from negative powers of m? There exists an alternative way, not relying on the low energy
expansion, to examine this anomaly part contributions in which we must exploit the first equation of (2) and we find
Tr ln[i/∂ + JΩ]− Tr ln[i/∂ + J ] = lnDet[i/∂ + JΩ]− lnDet[i/∂ + J ]
= lnDet
[
[ΩPR +Ω
†PL][J + i/∂][ΩPR +Ω
†PL]
]
− lnDet[i/∂ + J ]
= lnDet
[
[ΩPR +Ω
†PL][ΩPR +Ω
†PL]
]
= Tr ln
[
[ΩPR +Ω
†PL][ΩPR +Ω
†PL]
]
.(40)
For our interests, we are only interested in the real part of it, then
ReTr ln[i/∂ + JΩ]− ReTr ln[i/∂ + J ] =
1
2
Tr ln
[
[ΩPR +Ω
†PL][ΩPR +Ω
†PL]
]
+
1
2
Tr ln
[
[ΩPR +Ω
†PL]
†[ΩPR +Ω
†PL]
†
]
=
1
2
Tr ln
[
[ΩPR +Ω
†PL][ΩPR +Ω
†PL]
]
+
1
2
Tr ln
[
[Ω†PR +ΩPL][Ω
†PR +ΩPL]
]
=
1
2
Tr ln
[
[PR + PL][PR + PL]
]
=
1
2
Tr ln 1 = 0 . (41)
Which shows that the compact form of anomaly part contributions to normal part of the chiral Lagrangian is zero !
How can this null result be consistent with another divergent result obtained from the low energy expansion ? The
only possible explanation is that the p4 order finite term plus all those higher order infinities results a zero ! Is it
possible ? A well-known positive example is the expansion 1/(1 + x) = 1− x + x2 − x3 + x4 − x5 + x6 − · · · goes to
zero when x is very large, which implies that the summation of series x− x2 + x3 − x4 + x5 − x6 + · · · converges to
1 when x is very large and each individual term in the series diverges. In the following we take a more realistic but
simplified example to show that this really happens in our formulation. Our example starts from (9) for the case of
Σ equal to a constant mass m
ReTr ln[/∂ − i/vΩ − i/aΩγ5 − sΩ + ipΩγ5 +m] = −
1
2
lim
Λ→∞
∫ ∞
1
Λ2
dτ
τ
∫
d4x
∫
d4k
(2pi)4
tre−τ(k
2+k·b′+m2+bm+C) , (42)
b′
µ
≡ 2i∇¯µx + 2a
µ
Ω b ≡ IˆΩ + I˜Ω C ≡ E¯ + (i∇¯x + aΩ)
2 . (43)
For simplicity, we ignore the contributions from b′ which does not change the key result of our discussion. Then our
example becomes to investigate following integration
I ≡
∫ ∞
1
Λ2
dτ
τ
∫ ∞
0
k2dk2e−τk
2−τm2−τbm−τC (44)
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with b and C not commuting each other. We will show that high order terms in the low energy expansion of the above
integration I will go to infinity when we take m→ 0, but if summing all the expansion terms together, we get finite
result which corresponds to previous null result of summing all higher order terms of anomaly part contributions into
a compact form. We use three different methods to finish above integration and explain our point. The first method
is to vanish m firstly and then to finish the integration, i.e.
I
∣∣∣∣
m=0
=
∫ ∞
1
Λ2
dτ
τ
∫ ∞
0
k2dk2e−τk
2−τC =
∫ ∞
1
Λ2
dτ
τ3
e−τC =
Λ4
2
e−
C
Λ2 −
Λ2
2
Ce−
C
Λ2 −
1
2
C2Ei(−
C
Λ2
) , (45)
where
Ei(−x) ≡ −
∫ ∞
x
e−u
u
du = γ + lnx+
∞∑
n=1
(−1)n
n!n
xn |x| <∞ . (46)
The second method is first finishing the integration and then vanishing m,
I =
∫ ∞
1
Λ2
dτ
τ
∫ ∞
0
k2dk2e−τ(k
2+m2+bm+C) =
∫ ∞
1
Λ2
dτ
τ3
e−τ(m
2+bm+C)
=
Λ4
2
e−
(m2+bm+C)2
Λ2 −
Λ2(m2+bm+C)
2
e−
(m2+bm+C)2
Λ2 −
1
2
(m2+bm+C)2Ei(−
(m2+bm+C)
Λ2
)
m→0
====
Λ4
2
e−
C
Λ2 −
Λ2
2
Ce−
C
Λ2 −
1
2
C2Ei(−
C
Λ2
) . (47)
We obtain the same result as that obtained in the first method, therefore interchange the order of integration and
m→ 0 limit does not change the result.
The third method is first taking Taylor expansion in terms the power of b and C which corresponds performing the
low energy expansion and then finishing integration, finally vanishing m,
I =
∫ ∞
1
Λ2
dτ
τ
∫ ∞
0
k2dk2e−τk
2−τm2
∞∑
n=0
1
n!
(−τbm− τC)n =
∫ ∞
1
Λ2
dτe−τm
2
∞∑
n=0
1
n!
τn−3(−bm− C)n
= m4
(
Λ4
2m4
e−
m2
Λ2 −
Λ2
2m2
e−
m2
Λ2 −
1
2
Ei(−
m2
Λ2
)
)
− (bm3 + Cm2)
(
Λ2
m2
e−
m2
Λ2 +Ei(−
m2
Λ2
)
)
−
1
2
(bm+ C)2Ei(−
m2
Λ2
) +
∞∑
n=0
(− b
m
− C
m2
)n+3
(n+ 3)!
m4Γ(n+ 1,
m2
Λ2
)
m→0
====
Λ4
2
− CΛ2 −
1
2
C2Ei(−
m2
Λ2
) +
∞∑
n=0
n!
(n+ 3)!
(−
b
m
−
C
m2
)n+3m4e−
m2
Λ2
n∑
k=0
1
k!
(
m2
Λ2
)k ∣∣∣∣
m→0
. (48)
We see that there are negative power of m terms which will cause divergence when we take limit m→ 0. This is just
what has happened for the high order terms in the anomaly part contributions. So if we calculate term by terms in
above expansion, we will meet infinities which seems contradict with results obtained in first two methods. The only
way left to escape this contradiction is to sum all these divergences together, to see that what will happen after the
summation, we introduce a series
g(x, c) ≡
∞∑
n=0
n!
(n+ 3)!
xn+3
n∑
k=0
ck
k!
, (49)
in which c = m2/Λ2 and x = − b
m
− C
m2
which will go to negative infinity when m → 0. With the help of relation
d
dx
Ei(−x) = e
−x
x
and boundary condition g′′(0, c) = g′(0, c) = g(0, c) = 0, we find
g′′′(x, c) =
∞∑
n=0
xn
n∑
k=0
ck
k!
=
ecx
1− x
, g′′(x, c) = ec[−Ei(cx− c) +Ei(−c)] ,
g′(x, c) = (x− 1)ec[−Ei(cx− c) +Ei(−c)] +
1
c
(ecx − 1) ,
g(x, c) =
1
2
(x − 1)2ec[−Ei(cx− c) +Ei(−c)] +
x− 1
2c
ecx +
1
2c
+
1
2c2
(ecx − 1)−
x
c
. (50)
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Then (48) becomes
I
∣∣∣∣
m=0
= lim
m→0
[
Λ4
2
− CΛ2 −
1
2
C2Ei(−
m2
Λ2
) +m4e−
m2
Λ2 g(−
b
m
−
C
m2
,
m2
Λ2
)
]
= lim
m→0
[
Λ4
2
− CΛ2 −
1
2
C2Ei(−
m2
Λ2
) +
1
2
(bm+ C +m2)2[−Ei(
−bm− C −m2
Λ2
) +Ei(−
m2
Λ2
)]
+
1
2
Λ2(−bm− C −m2)e
−bm−C−m2
Λ2 +
1
2
Λ2m2e−
m2
Λ2 +
1
2
Λ4(e
−bm−C−m2
Λ2 − e−
m2
Λ2 ) + Λ2(bm+ C)
]
= −
1
2
C2Ei(−
C
Λ2
)−
1
2
Λ2Ce−
C
Λ2 +
1
2
Λ4e−
C
Λ2 . (51)
It is the same as the results obtained from first two methods, i.e. summing all those infinities together, we obtain
correct finite result.
With above discussion, our result now is that total anomaly part contributions to the normal part of the chiral
Lagrangian vanish ! Just take several individual terms can not reflect the true result of the full action. In fact, finite
result of the p4 order plays a role to cancel that summations of all higher order terms which results in the final total
null result. In this sense, in order to make sense for the p6 and more higher order divergent terms, we must sum them
together and then we get p4 order result with an extra minus sign. To avoid the appearance of divergences in p6 and
higher orders terms, what we need to do is to drop out all anomaly part contributions, since divergences from high
order terms are finally canceled by p4 order terms. In this view, our general result (7) must be changed to
Seff
∣∣∣∣
normal part
≈ −iNcReTr ln[i/∂ + JΩ − Σ(∇
2
)] . (52)
In fact in Ref.[11], we already show that including in the anomalous part, the total effective action takes the form
(see Eq.(21) in Ref.[11]),
SGND = −iNcTr ln[i/∂ + JΩ − Σ(∇
2
)] +Wess-Zumino terms . (53)
With this new viewpoint on all anomaly part contributions, we need to modify our original numerical results on
p4 order LECs, since it takes into account of the finite values of anomaly part contributions and now we know that
these nontrivial values must be used to cancel the infinities come from all higher order terms. In Table I, we list our
modified p4 order LECs for cutoff Λ =1000+100−100MeV. The 10% variation of the cutoff is considered in our calculation
to examine the effects of cutoff dependence and the result change can be treated as the error of our calculations. The
result LECs are taken the values at Λ = 1GeV with superscript the difference caused at Λ = 1.1GeV and subscript
the difference caused at Λ = 0.9GeV, i.e.,
LΛ=1GeV
∣∣∣∣
LΛ=1.1GeV−LΛ=1GeV
LΛ=0.9GeV−LΛ=1GeV
l¯Λ=1GeV
∣∣∣∣
l¯Λ=1.1GeV−l¯Λ=1GeV
l¯Λ=0.9GeV−l¯Λ=1GeV
or lΛ=1GeV
∣∣∣∣
lΛ=1.1GeV−lΛ=1GeV
lΛ=0.9GeV−lΛ=1GeV
. (54)
TABLE I. The obtained values of the p4 coefficients L1 · · · , L10 for three flavor quarks and l¯1 · · · , l¯6, l7 for two flavor quarks
where li=
1
32pi2
γi(l¯i+ln
M2pi
µ2
) for i = 1, . . . , 7, µ=770MeV and γi are given in Ref.[2]. Since γ7=0, we calculate l7 instead of l¯7.
Together with the experimental values given in Ref.[2] and our old result given in Ref.[4] for comparisons.
ΛQCD, Λ and −〈ψ¯ψ〉
1
3 are in units of MeV, and L1 · · · , L10, l7 are in units of 10
−3.
ΛQCD -〈ψ¯ψ〉
1
3 L1 L2 L3 L4 L5 L6 L7 L8 L9 L10
Λ =1000+100−100 453
−6
+12 260
−8
+9 1.23
+0.03
−0.04 2.46
+0.05
−0.08 -6.85
−0.14
+0.21 0.0
+0.0
−0.0 1.48
−0.01
−0.03 0.0
+0.0
−0.0 -0.51
+0.05
−0.06 1.02
−0.06
+0.06 8.86
+0.24
−0.37 -7.40
−0.29
+0.44
Ref.[4]: 484 296 0.403 0.805 -3.47 0 1.47 0 -0.792 1.83 2.28 -4.08
Expt: 250 0.9 ± 0.3 1.7± 0.7 -4.4± 2.5 0± 0.5 2.2± 0.5 0± 0.3 -0.4± 0.15 1.1± 0.3 7.4± 0.7 -6.0± 0.7
ΛQCD -〈ψ¯ψ〉
1
3 l¯1 l¯2 l¯3 l¯4 l¯5 l¯6 l7
Λ =1000+100−100 465
−6
+12 227
−6
+8 -4.77
−0.17
+0.24 8.01
+0.09
−0.14 1.97
+0.29
−0.35 4.34
−0.01
−0.02 17.35
+0.53
−0.80 19.98
+0.44
−0.67 -8.18
+0.50
−0.43
Expt: 250 −2.3± 3.7 6.0± 1.3 2.9± 2.4 4.3± 0.9 13.9± 1.3 16.5 ± 1.1 O(5)
In obtaining the result, we have taken the running coupling constant as model A given by (40) of Ref.[4] and the
low energy value of this αs is already chosen well above the critical value to trigger the SχSB of the theory. It should
be noted that αs depends on the number of quark flavors, so does for Σ from SDE. In fixing the ΛQCD we have taken
input F0 = 87MeV. The reason of taking this value is that if the final Fpi is around value of 93MeV, then our formula
shows F0 must be located around 87MeV. In Sec.VI, we will exhibit this phenomena explicitly.
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V. p6 ORDER OF CHIRAL LAGRANGIAN: NORMAL PART
The general form of p6 order chiral Lagrangian was first introduced in Ref.[13] and then discussed in Ref.[14].
Now we can express the normal part of it in terms of our rotated sources as what we have done in (10) for the p4
order terms. Considering that our computation is done under large Nc limit, within this approximation, terms in the
chiral Lagrangian with two and more traces vanish when we not apply the equation of motion. To avoid unnecessary
complicities, in this paper we only write down those terms with one trace
Seff
∣∣∣∣
p6, normal
=
∫
d4x
[ 94∑
n=1
Zntrf [O¯n] + O(
1
Nc
)
]
(55)
with O¯n being p
6 order operator we could get in our calculation and Zn being corresponding coefficient, O(
1
Nc
) are
consist of the most multi-traces terms. Our computations then give the explicit expressions of Zn in terms of quark
self energy. The detail expressions are given in (B1). And the definitions of operators O¯n for n = 1, 2, . . . , 94 are
given in Table.II,
TABLE II. p6 order operators
n O¯n n O¯n n O¯n
1 (a2Ω)
3 33 aµΩa
ν
ΩaΩµdνpΩ 65 d
2aνΩdνpΩ
2 a2Ωa
ν
Ωa
λ
ΩaΩνaΩλ 34 a
µ
Ωa
ν
Ω(dµaΩνpΩ + pΩdνaΩµ) 66 d
µdνaΩνdµpΩ
3 a2Ωa
ν
Ωa
2
ΩaΩν 35 a
µ
Ωa
ν
Ω(dνaΩµpΩ + pΩdµaΩν) 67 d
µsΩdµsΩ
4 aµΩa
ν
ΩaΩµa
λ
ΩaΩνaΩλ 36 a
µ
ΩpΩaΩµd
νaΩν 68 d
µpΩdµpΩ
5 aµΩa
ν
Ωa
λ
ΩaΩµaΩνaΩλ 37 a
µ
ΩpΩa
ν
Ω(dµaΩν + dνaΩµ) 69 iV
µν
Ω V
λ
Ωµ VΩνλ
6 a2Ω(d
νaΩν)
2 38 aµΩ(dµa
ν
ΩdνsΩ + d
νsΩdµaΩν) 70 V
µν
Ω VΩµνa
2
Ω
7 a2Ωd
νaλΩdνaΩλ 39 a
µ
Ω(d
νaΩµdνsΩ + d
νsΩdνaΩµ) 71 V
µν
Ω V
λ
Ωµ aΩνaΩλ
8 a2Ωdνa
λ
ΩdλaΩν 40 a
µ
Ω(d
νaΩνdµsΩ + dµsΩd
νaΩν) 72 V
µν
Ω V
λ
Ωµ aΩλaΩν
9 aµΩa
ν
Ω(dµaΩνd
λaΩλ + d
λaΩλdνaΩµ) 41 (a
2
Ω)
2sΩ 73 V
µν
Ω (aΩµV
λ
Ων aΩλ − a
λ
ΩVΩµλaΩν)
10 aµΩa
ν
Ωdµa
λ
ΩdνaΩλ 42 a
µ
Ωa
ν
ΩaΩµaΩνsΩ 74 V
µν
Ω a
λ
ΩVΩµνaΩλ
11 aµΩa
ν
Ω(dµa
λ
ΩdλaΩν + d
λaΩµdνaΩλ) 43 a
µ
Ωa
2
ΩaΩµsΩ 75 V
µν
Ω VΩµνsΩ
12 aµΩa
ν
Ω(dνaΩµd
λaΩλ + d
λaΩλdµaΩν) 44 ia
µ
Ω(dµa
ν
Ωd
λVΩνλ + d
νV λΩν dµaΩλ) 76 iV
µν
Ω (aΩµdνpΩ + dµpΩaΩν)
13 aµΩa
ν
Ωdνa
λ
ΩdµaΩλ 45 ia
µ
Ω(d
νaΩµd
λVΩνλ + d
νV λΩν dλaΩµ) 77 iV
µν(pΩdµaΩν − dµaΩνpΩ)
14 aµΩa
ν
Ω(dνa
λ
ΩdλaΩµ + d
λaΩνdµaΩλ) 46 ia
µ
Ω(d
νaΩνd
λVΩµλ − d
νVΩµνd
λaΩλ) 78 iV
µν
Ω (dµaΩνd
λaΩλ − d
λaΩλdµaΩν)
15 aµΩa
ν
Ωd
λaΩµdλaΩν 47 ia
µ
Ω(d
νaλΩdµVΩνλ − dµV
νλ
Ω dνaΩλ) 79 iV
µν
Ω dµa
λ
ΩdνaΩλ
16 aµΩa
ν
Ωd
λaΩνdλaΩµ 48 ia
µ
Ω(d
νaλΩdνVΩµλ − d
νV λΩµ dνaΩλ) 80 iV
µν
Ω (dµa
λ
ΩdλaΩν + d
λaΩµdνaΩλ)
17 aµΩ(dµa
ν
ΩaΩν + d
νaΩµaΩν)d
λaΩλ 49 ia
µ
Ω(d
νaλΩdλVΩµν − d
νV λΩµ dλaΩν) 81 iV
µν
Ω d
λaΩµdλaΩν
18 aµΩ(dµa
ν
Ωa
λ
ΩdνaΩλ + d
νaλΩaΩνdλaΩµ) 50 d
µV νΩµd
λVΩνλ 82 iV
µν
Ω (aΩµaΩνsΩ + sΩaΩµaΩν)
19 aµΩ(dµa
ν
Ωa
λ
ΩdλaΩν + d
νaλΩaΩνdµaΩλ) 51 d
µV νλΩ dµVΩνλ 83 iV
µν
Ω aΩµsΩaΩν
20 aµΩ(d
νaΩµa
λ
ΩdνaΩλ + d
νaλΩaΩλdνaΩµ) 52 d
µV νλΩ dνVΩµλ 84 iV
µν
Ω (aΩµaΩνa
2
Ω + a
2
ΩaΩµaΩν)
21 aµΩd
νaΩνaΩµd
λaΩλ 53 d
2aνΩdνd
λaΩλ 85 iV
µν
Ω (aΩµa
λ
ΩaΩνaΩλ + a
λ
ΩaΩµaΩλaΩν)
22 aµΩd
νaλΩaΩµdνaΩλ 54 d
2aνΩd
λdνaΩλ 86 iV
µν
Ω aΩµa
2
ΩaΩν
23 aµΩd
νaλΩaΩµdλaΩν 55 d
2aνΩd
2aΩν 87 iV
µν
Ω a
λ
ΩaΩµaΩνaΩλ
24 a2Ωs
2
Ω 56 d
µdνaΩµdνd
λaΩλ 88 s
3
Ω
25 a2Ωp
2
Ω 57 d
µdνaΩµd
λdνaΩλ 89 sΩp
2
Ω
26 aµΩsΩaΩµsΩ 58 d
µdνaΩνdµd
λaΩλ 90 sΩpΩd
µaΩµ
27 aµΩpΩaΩµpΩ 59 d
µdνaλΩdµdνaΩλ 91 sΩd
µaΩµpΩ
28 aµΩ(sΩdµpΩ + dµpΩsΩ) 60 d
µdνaλΩdµdλaΩν 92 sΩd
µaνΩdµaΩν
29 aµΩ(pΩdµsΩ + dµsΩpΩ) 61 d
µdνaλΩdνdµaΩλ 93 sΩd
µaνΩdνaΩµ
30 a2Ωd
νaΩνpΩ 62 d
µdνaλΩdνdλaΩµ 94 sΩ(d
µaΩµ)
2
31 a2ΩpΩd
νaΩν 63 d
µdνaλΩdλdνaΩµ
32 a2Ωa
ν
ΩdνpΩ + a
µ
Ωa
2
ΩdµpΩ 64 d
µdνaΩµdνpΩ
where some operators have i in front of them to insure their coefficients being real. In Ref.[14], p6 order operator was
denoted by Yi for the case of n flavor with coefficient Ki [15], Oi for the case of three flavor with coefficient Ci and
11
Pi for the case of two flavors with coefficient ci,
Seff
∣∣∣∣
p6, normal
=
∫
d4x


112∑
i=1
KiYi + 3 contact terms n flavors
90∑
i=1
CiOi + 4 contact terms three flavors
53∑
i=1
ciPi + 4 contact terms two flavors
. (56)
Consider that our parametrization of the p6 order chiral Lagrangian (55) is general to the case of n flavor quarks,
there exist some relations among our coefficients and n flavor coefficients given in (56). With the help of computer
derivations, we have worked out these relations and list them in ApendixC. As a check, we vanish the quark self
energy Σ in the codes which corresponds to take m = 0 before other further calculations and find null p6 result. This
verify the analytical result discussed in Sec.IV that the anomaly part contributions do not the contribute to normal
part of chiral Lagrangian. Another consistency check is done for those operators which have two terms combined
together by C and P symmetry requirements. For n flavor case, such operators are O¯9, O¯11, O¯12, O¯14, O¯17, O¯18, O¯19,
O¯20, O¯28, O¯29, O¯32, O¯34, O¯35, O¯37, O¯38, O¯39, O¯40, O¯44, O¯45, O¯46, O¯47, O¯48, O¯49, O¯73, O¯76, O¯77, O¯78, O¯80, O¯82, O¯84,
O¯85. Since in each of these operators, there are two terms, we can compute the coefficients in front of each terms and
check if they are same. We have done the checks for all these operators and all obtain the same analytical expressions
for the two terms in the same operator. This partly verifies the correctness of our result given in (B1). From n
flavors to three flavors, there are some extra constraints (see (B1) in Ref.[14])which make some operators depending
on others. Further from three flavors to two flavors, there are also some extra constraints (see (B3) in Ref.[14])which
make some more operators depending on others. The sequence number for n flavors, three flavors and two flavors are
different, their comparisons are list in Table 2 in Ref.[14].
VI. NUMERICAL VALUES OF p6 ORDER LECS: NORMAL PART
With all above preparations in previous sections, we now come to the stage of giving numerical values to the
p6 order LECs in the normal part of the chiral Lagrangian. Note the necessary input and process of the present
computations for the p6 order LECs are the same as those for the p2 and p4 order LECs given in the end of Sec.IV,
we list the numerical result in Table.III, as done in Table.I, the result LECs are taken for the values at Λ = 1GeV
with superscript the difference caused at Λ = 1.1GeV and subscript the difference caused at Λ = 0.9GeV,
CΛ=1GeV
∣∣∣∣
CΛ=1.1GeV−CΛ=1GeV
CΛ=0.9GeV−CΛ=1GeV
cΛ=1GeV
∣∣∣∣
cΛ=1.1GeV−cΛ=1GeV
cΛ=0.9GeV−cΛ=1GeV
.
We further list result of the p6 order LECs at Λ = ∞ in Table.IV. Consider that in the limit of Λ = ∞, dropping
out momentum total derivative terms in Eq.(14) is problematic, we only take result LECs at Λ = ∞ as a reference.
Since the terms of three flavors and two flavors may have different sequence numbers, as done in Ref.[14], we put
them in the same line in our table. Since the number of independent operators in the two flavors is smaller than that
in the three flavors, there are some operators in three flavors being independent operators, but being dependent in
two flavors, then these operators will not have their two flavor counter parts in our table, these leave the r.h.s. some
empty blanks in the corresponding two flavor columns. For two flavor case, Ref.[16] further propose a new relation
among operators,
0 = 8P1 − 2P2 + 6P3 − 12P13 + 8P14 − 3P15 − 2P16 − 20P24 + 8P25 + 12P26 − 12P27 − 28P28 + 8P36 − 8P37
−8P39 + 2P40 + 8P41 − 8P42 − 6P43 + 4P48 , (57)
which implies that one of the operators appears in above formula should be further dependent operator. Due to
ignorance of the values of the coefficients in front of these operators, Ref.[16] arbitrarily chooses this operator being
P27. Now our computations show that c27 6= 0, so original choice is not suitable. Considering that c37 = 0 in our
computation, we instead now take P37 as that dependent operator. P37 now is a dependent operator, its name then
is deleted in our Table.III.
To verify our choice of F0 = 87MeV will really results in experimental value of Fpi , we exploit the relation between
F0 and Fpi given in Ref.[17]
Fpi
F0
= 1 + x2(l
r
4 − L) + x
2
2
[
1
16pi2
(−
1
2
lr1 − l
r
2 +
29
12
L)−
13
192
1
(16pi2)2
+
7
4
k1 + k2 − 2l
r
3l
r
4 + 2(l
r
4)
2 −
5
4
k4 + r
r
F
]
+O(x32) ,(58)
12
x2 =
M2pi
F 2pi
L =
1
16pi2
ln
M2pi
µ2
ki = (4l
r
i − γiL)L r
r
F = (8c7 + 16c8 + 8c9)F
2
0 from Ref.[15] , (59)
in which lri and γi for i = 1, 2, . . . , 7 are defined in Ref.[2]. Scale µ is taken to be ρ mass µ =Mρ =770MeV. Numerical
calculations show that for Λ = 1000+100−100MeV, the contributions up to order of p
4 (ignoring x22 terms in (58)) give result
Fpi = 92.99
+.00
−.03MeV and the contributions up to order of p
6 (ignoring x32 terms in (58)) give result Fpi = 92.97
+.00
−.04MeV
with rrF = −5.036
+0.730
−1.290 × 10
−5. We see that the p6 order contributions to Fpi are very small and F0 = 87MeV is
directly relate to Fpi = 93MeV.
TABLE III. The obtained values of the p6 order LECs C1 · · · , C90 for three flavor and c1 · · · , c53 for two flavors.
The LECs are in units of 10−3GeV−2. The result LECs are taken the values at Λ = 1GeV with superscript the difference
caused at Λ = 1.1GeV and subscript the difference caused at Λ = 0.9GeV. The value ≡ 0 means that the constants
vanish at large Nc limit.
i Ci j cj i Ci j cj i Ci j cj
1 3.79+0.10−0.17 1 3.58
+0.09
−0.15 31 −0.63
+0.05
−0.09 17 −1.10
+0.12
−0.19 61 2.88
−0.22
+0.26 34 2.84
−0.22
+0.26
2 ≡ 0 32 0.18−0.03+0.04 18 0.43
−0.07
+0.08 62 ≡ 0
3 −0.05+0.01−0.01 2 −0.03
+0.01
−0.01 33 0.09
−0.00
+0.03 19 0.41
−0.06
+0.10 63 2.99
−0.24
+0.30
4 3.10+0.09−0.15 3 2.89
+0.08
−0.13 34 1.59
−0.10
+0.16 20 1.56
−0.10
+0.17 64 ≡ 0
5 −1.01+0.08−0.11 4 1.21
−0.07
+0.06 35 0.17
−0.12
+0.17 21 0.29
−0.18
+0.24 65 −2.43
+0.15
−0.16 35 3.39
−0.32
+0.41
6 ≡ 0 36 ≡ 0 66 1.71+0.07−0.12 36 1.57
+0.06
−0.10
7 ≡ 0 37 −0.56+0.09−0.11 67 ≡ 0
8 2.31−0.16+0.18 38 0.41
−0.08
+0.07 22 −1.32
+0.18
−0.25 68 ≡ 0
9 ≡ 0 39 ≡ 0 23 0.86−0.12+0.15 69 −0.86
−0.04
+0.06 38 −0.68
−0.03
+0.05
10 −1.05+0.08−0.09 5 −0.98
+0.07
−0.09 40 −6.35
−0.18
+0.32 24 −4.84
−0.14
+0.25 70 1.73
−0.08
+0.07 39 1.81
−0.08
+0.07
11 ≡ 0 41 ≡ 0 71 ≡ 0
12 −0.34+0.02−0.01 6 −0.33
+0.01
−0.01 42 0.60
+0.00
−0.00 72 −3.30
+0.05
−0.00 40 −3.17
+0.05
−0.02
13 ≡ 0 43 ≡ 0 73 0.50+0.43−0.56 41 0.30
+0.42
−0.54
14 −0.83+0.12−0.19 7 −1.72
+0.25
−0.35 44 6.32
+0.20
−0.36 25 6.03
+0.19
−0.33 74 −5.07
−0.16
+0.27 42 −4.74
−0.14
+0.24
15 ≡ 0 8 0.86−0.12+0.15 45 ≡ 0 75 ≡ 0
16 ≡ 0 46 −0.60−0.02+0.04 26 −1.14
−0.05
+0.07 76 −1.44
−0.23
+0.31 43 −1.29
−0.23
+0.30
17 0.01−0.01−0.01 9 −0.84
+0.12
−0.17 47 0.08
+0.01
−0.00 77 ≡ 0
18 −0.56+0.09−0.11 48 3.41
+0.06
−0.10 78 17.51
+1.02
−1.59 44 16.16
+0.94
−1.45
19 −0.48+0.09−0.13 10 −0.37
+0.07
−0.10 49 ≡ 0 79 −0.56
−0.30
+0.40 45 0.26
−0.26
+0.34
20 0.18−0.03+0.04 11 ≡ 0 50 8.71
+0.78
−1.12 27 13.57
+1.41
−2.00 80 0.87
−0.04
+0.03 46 0.85
−0.04
+0.02
21 −0.06+0.01−0.01 51 −11.49
+0.18
−0.09 28 0.93
+0.98
−1.25 81 ≡ 0
22 0.27+0.19−0.25 12 0.15
+0.18
−0.24 52 −5.04
−0.67
+0.93 82 −7.13
−0.32
+0.51 47 −6.73
−0.29
+0.47
23 ≡ 0 53 −11.99−0.87+1.33 29 −11.01
−0.81
+1.23 83 0.07
+0.20
−0.27 48 −0.22
+0.18
−0.25
24 1.62+0.04−0.07 54 ≡ 0 84 ≡ 0
25 −5.98−0.49+0.72 13 −5.39
−0.45
+0.66 55 16.79
+0.96
−1.49 30 15.72
+0.89
−1.38 85 −0.82
+0.03
−0.02 49 −0.78
+0.03
−0.01
26 3.35+0.29−0.47 14 4.17
+0.30
−0.49 56 19.34
+0.52
−0.98 31 17.57
+0.42
−0.82 86 ≡ 0
27 −1.54+0.15−0.18 15 −2.71
+0.21
−0.25 57 7.92
+1.34
−1.85 32 7.18
+1.28
−1.76 87 7.57
+0.37
−0.60 50 7.18
+0.34
−0.55
28 0.30+0.01−0.01 58 ≡ 0 88 −5.47
−0.73
+1.03 51 −4.85
−0.69
+0.97
29 −3.08−0.26+0.32 16 −2.22
−0.22
+0.27 59 −22.49
−1.21
+1.89 33 −21.19
−1.12
+1.76 89 34.74
+1.61
−2.62 52 32.19
+1.46
−2.37
30 0.60+0.02−0.03 60 ≡ 0 90 2.44
−0.38
+0.46 53 2.51
−0.37
+0.46
TABLE IV. The obtained values of the p6 order LECs C1 · · · , C90 for three flavor and c1 · · · , c53 for two flavors.
The LECs are in units of 10−3GeV−2 and are taken the values at Λ =∞. The value
≡ 0 means that the constants vanish at large Nc.
13
i Ci j cj i Ci j cj i Ci j cj
1 3.61 1 3.39 31 −0.22 17 −0.22 61 1.36 34 1.45
2 ≡ 0 32 0.02 18 0.09 62 ≡ 0
3 −0.01 2 0.00 33 0.08 19 0.09 63 1.41
4 2.98 3 2.77 34 1.03 20 0.97 64 ≡ 0
5 −0.51 4 0.66 35 −0.40 21 −0.46 65 −1.28 35 1.56
6 ≡ 0 36 ≡ 0 66 1.73 36 1.58
7 ≡ 0 37 −0.06 67 ≡ 0
8 1.16 38 −0.01 22 −0.25 68 ≡ 0
9 ≡ 0 39 ≡ 0 23 0.20 69 −0.90 38 −0.71
10 −0.49 5 −0.49 40 −6.10 24 −4.70 70 0.91 39 1.08
11 ≡ 0 41 ≡ 0 71 ≡ 0
12 −0.19 6 −0.20 42 0.49 72 −2.43 40 −2.37
13 ≡ 0 43 ≡ 0 73 2.47 41 2.08
14 −0.26 7 −0.42 44 6.17 25 5.86 74 −4.96 42 −4.61
15 ≡ 0 8 0.20 45 ≡ 0 75 ≡ 0
16 ≡ 0 46 −0.58 26 −1.11 76 −2.33 43 −2.08
17 −0.15 9 −0.29 47 0.08 77 ≡ 0
18 −0.06 48 3.13 78 18.97 44 17.41
19 −0.08 10 −0.09 49 ≡ 0 79 −1.81 45 −0.89
20 0.02 11 ≡ 0 50 10.73 27 17.28 80 0.49 46 0.52
21 −0.01 51 −8.65 28 4.93 81 ≡ 0
22 1.11 12 0.91 52 −7.24 82 −7.27 47 −6.83
23 ≡ 0 53 −13.65 29 −12.49 83 0.96 48 0.59
24 1.55 54 ≡ 0 84 ≡ 0
25 −7.21 13 −6.46 55 18.10 30 16.83 85 −0.47 49 −0.49
26 3.93 14 4.68 56 17.99 31 16.33 86 ≡ 0
27 −0.60 15 −1.42 57 12.69 32 11.45 87 7.83 50 7.39
28 0.29 58 ≡ 0 88 −7.83 51 −6.96
29 −3.81 16 −2.78 59 −23.88 33 −22.35 89 35.69 52 32.93
30 0.58 60 ≡ 0 90 0.25 53 0.51
VII. COMPARISONS WITH EXPERIMENT AND MODEL RESULTS
As we have mentioned in the introduction of this paper, present experiment data is far enough to fix the p6 order
LECs. But there do exist some combinations of the LECs which already have their experiment or model calculation
values. Usually, these LECs are labeled by dimensionless parameters with convention 4of Cri ≡ CiF
2
0 or c
r
i ≡ ciF
2
0 . In
this section, we collect those combinations of LECs in the literature which have their experiment or model calculation
values and compare them with our numerical results obtained in the last section with finite cutoff 5 as the check of
our computations.
4 An alternative convention is that Cri and c
r
i are used to denote the renormalized LECs in some literatures.
5 If the LECs at finite cutoff are replaced with those at Λ = ∞, we have checked that qualitative feature of the comparisons results of
this section will not change.
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A. pipi and piK scattering
From the investigation of pipi scattering amplitudes, one can work out the values of some combinations of p6 order
LECs. Ref.[15] introduces following combinations,
rr1 = 64c
r
1 − 64c
r
2 + 32c
r
4 − 32c
r
5 + 32c
r
6 − 64c
r
7 − 128c
r
8 − 64c
r
9 + 96c
r
10 + 192c
r
11 − 64c
r
14 + 64c
r
16 + 96c
r
17 + 192c
r
18
rr2 = −96c
r
1 + 96c
r
2 + 32c
r
3 − 32c
r
4 + 32c
r
5 − 64c
r
6 + 32c
r
7 + 64c
r
8 + 32c
r
9 − 32c
r
13 + 32c
r
14 − 64c
r
16
rr3 = 48c
r
1 − 48c
r
2 − 40c
r
3 + 8c
r
4 − 4c
r
5 + 8c
r
6 − 8c
r
12 + 20c
r
13
rr4 = −8c
r
3 + 4c
r
5 − 8c
r
6 + 8c
r
12 − 4c
r
13
rr5 = −8c
r
1 + 10c
r
2 + 14c
r
3
rr6 = 6c
r
2 + 2c
r
3 (60)
and gives the values of them by two theoretical methods of the resonance-saturation (RS)[18] and pure dimensional
analysis (ND) which only accounts for the order of magnitude and in Table.V.
TABLE V. The obtained values for the combinations of the p6 order LECs from pipi scattering and our work.
The coefficients in the table are in units of 10−4
rr1 r
r
2 r
r
3 r
r
4 r
r
5 r
r
6
RS in Ref.[15] −0.6 1.3 −1.7 −1.0 1.1 0.3
ND in Ref.[15] 80 40 20 3 6 2
ours −9.32−2.62+3.51 8.93
+3.12
−4.27 −3.06
−0.81
+1.11 −0.12
+.022
−0.29 0.87
+0.04
−0.06 0.42
+0.02
−0.03
We see that all coefficients obtained from our calculations are consistent with those more precise RS results given
in Ref.[15]. With our predictions for p4 and p6 order LECs, we can directly calculate the scattering lengths aIl and
slope parameters bIl which relate to p
4 and p6 order LECs through formulae given in Appendix C and D. of Ref.[18].
We list experimental and our results in Table.VI. In our results, as done in Table.III, we take µ = 770MeV, but to
match the result given in Ref.[18] where µ is taken at µ = 1GeV, we also take µ = 1000MeV for comparison. We take
two options, one only includes p4 order contributions and the other combines in p6 order contributions. For p6 order
contributions, for comparisons, we consider the cases of without and with rri coefficients.
TABLE VI. The obtained values for aIl and b
I
l in pipi scattering from experimental values given by Ref.[19] and our work.
a00 b
0
0 −10a
2
0 −10b
2
0 10a
1
1 10
2b11 10
2a02 10
3a22
Ref.[19] .26± .05 .25± .03 .28± .12 .82± .08 .38± .02 .17± .03 .13± .30
p4 µ = 103MeV .210−.000+.000 .260
−.000
+.000 .406
+.001
−.001 .662
−.002
+.003 .405
+.001
−.002 .772
+.015
−.020 .264
+.002
−.003 .195
−.009
+.012
p4 µ = 770MeV .204−.000+.000 .248
−.000
+.000 .411
+.001
−.001 .685
−.002
+.003 .401
+.001
−.002 .772
+.015
−.020 .235
+.002
−.003 .076
−.009
+.012
p6 µ = 103MeV rri 6= 0 .237
−.000
+.000 .307
−.000
+.000 .394
+.001
−.001 .637
−.004
+.005 .447
+.002
−.003 1.255
+.029
−.037 .421
+.005
−.008 .339
−.011
+.011
p6 µ = 103MeV rri = 0 .237
−.000
+.000 .305
−.000
−.000 .392
+.001
−.001 .629
−.003
+.004 .445
+.002
−.002 1.217
+.019
−.024 .409
+.004
−.006 .337
−.005
+.003
p6 µ = 770MeV rri 6= 0 .228
−.000
+.000 .287
−.000
+.000 .402
+.001
−.001 .665
−.003
+.005 .435
+.002
−.003 1.164
+.028
−.037 .363
+.005
−.008 .212
−.012
+.012
p6 µ = 770MeV rri = 0 .227
−.000
+.000 .285
−.000
−.000 .400
+.001
−.001 .657
−.003
+.004 .433
+.002
−.002 1.125
+.018
−.023 .352
+.004
−.006 .210
−.006
+.004
We see that the contributions from p6 order LECs are rather small and only change the third digit of the result.
Further, Ref.[20] introduce coefficients in piK scattering
c−01 = 32m
3
K+(−C
r
1 + 2C
r
3 + 2C
r
4 ) , c
−
20 = 6mK+(−C
r
1 + 2C
r
3 + 2C
r
4 ) ,
c+11 = 8m
2
K+(3C
r
1 + 6C
r
3 − 2C
r
4 ) , c
+
30 =
1
2
(−7Cr1 − 32C
r
2 + 2C
r
3 + 10C
r
4) ,
c+01 = 16m
2
K+m
2
pi+(C
r
6 + C
r
8 + C
r
10 + 2C
r
11 − 2C
r
12 − 2C
r
13 + 2C
r
22 + 4C
r
23) + 16m
4
K+(C
r
5 + 2C
r
6 + C
r
10
+4Cr11 − 2C
r
12 − 4C
r
13 + 2C
r
22 + 4C
r
23) ,
c−10 = 8mK+m
2
pi+(−4C
r
4 − C
r
6 − C
r
8 + C
r
10 + 2C
r
11 − 2C
r
12 − 6C
r
13 + 2C
r
22 − 2C
r
25) + 8m
3
K+(−4C
r
4 − C
r
5
−2Cr6 + C
r
10 + 4C
r
11 − 2C
r
12 − 12C
r
13 + 2C
r
22 − 2C
r
25) ,
c+20 = m
2
K+(12C
r
1 + 48C
r
2 − 8C
r
4 + C
r
5 + 10C
r
6 + 8C
r
7 + 4C
r
8 + C
r
10 + 4C
r
11 − 2C
r
12 − 4C
r
13 + 2C
r
22
−4Cr23 + 4C
r
25) +m
2
pi+(12C
r
1 + 48C
r
2 − 8C
r
4 + 4C
r
5 + 5C
r
6 + 8C
r
7 + C
r
8 + C
r
10 + 2C
r
11 − 2C
r
12
−10Cr13 + 2C
r
22 − 4C
r
23 + 4C
r
25) . (61)
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In the table 1. of Ref.[21], in terms of c+30, c
+
11, c
−
20, c
−
01, three constraints of p
6 order LECs are fixed from piK sub-
threshold parameters, pipi amplitude and a resonance model. And in the table 2. of Ref.[21], in terms of c+20, c
+
01, c
−
10,
another three constraints of p6 order LECs are fixed from the dispersive calculations and a resonance model,
TABLE VII. The obtained values for the combinations of the p6 order LECs from piK, pipi scattering and our work.
The coefficients in the l.h.s. of the table are in units of 10−4GeV−2
C1 + 4C3 C2 C4 + 3C3 C1 + 4C3 + 2C2 c
+
20
m4pi
F 4pi
c+01
m2pi
F 4pi
c−10
m3pi
F 4pi
input c+30, c
+
11, c
−
20 20.7± 4.9 −9.2± 4.9 9.9± 2.5 2.3± 10.8
input c+30, c
+
11, c
−
01 28.1± 4.9 −7.4± 4.9 21.0± 2.5 13.4± 10.8 Dispersive 0.024± 0.006 2.07± 0.10 0.31± 0.01
pipi amplitude 23.5± 2.3 18.8± 7.2
Resonance model 7.2 −0.5 10.0 6.2 Resonance model 0.003 3.8 0.09
ours 35.9+1.3−2.1 0.0
+0.0
−0.0 29.5
+1.1
−1.9 35.9
+1.3
−2.1 ours 0.006
−0.002
+0.003 −0.159
+0.133
−0.178 0.020
+0.037
−0.050
In which for l.h.s. of the Table VII., except C2, all other LECs or combinations of LECs obtained by us have the same
signs and orders of magnitudes as those from Ref.[21]. While for r.h.s. of the table, our results are not consistent
with those obtained from the dispersive calculations.
B. Form factors
In Ref.[15], in dealing with the vector form factor of the pion, rrV 1 and r
r
V 2 are introduced into theory which relate
to p6 order LECs through
rrV 1 = −16c
r
6 − 4c
r
35 − 8c
r
53 , r
r
V 2 = −4c
r
51 − 4c
r
53 . (62)
While for the scalar form factor, people introduce rrS2 and r
r
S3 relate to p
6 order LECs by
rrS2 = 32c
r
6 + 16c
r
7 + 32c
r
8 + 16c
r
9 + 16c
r
20 , r
r
S3 = −8c
r
6 . (63)
In Ref.[15], discussion of the decay of pi(p)→ eνγ(q) further introduces rrA1 and r
r
A2 relate to p
6 order LECs by
rrA1 = 48c
r
6 − 16c
r
34 + 8c
r
35 − 8c
r
44 + 16c
r
46 − 16c
r
47 + 8c
r
50 , r
r
A2 = 8c
r
44 − 16c
r
50 + 4c
r
51 . (64)
In Ref.[22], a naive estimation of Cr12 is made from scalar meson dominance (SMD) of the pion scalar form-factor
and 2Cr12 + C
r
34 is estimated through λ0 in Kl3 measurements (see Eq.(8.11) in Ref.[22]). While in Ref.[23], C
r
12
and Cr12 + C
r
34 are also estimated from the piK form factors. In Table.VIII, we list the numerical results for above
combinations of LECs given by our calculations based on Table.III in last section and by Ref.[15],[22],[23].
TABLE VIII. The obtained values for the combinations of the p6 order LECs appear in vector and scalar form factor of pion.
the coefficients in the table are in units of 10−4
ours Ref.[15] ours Ref.[15] ours Ref.[15]
rrV 1 −2.13
+0.30
−0.39 −2.5 r
r
S2 0.07
+0.05
−0.08 −0.3 r
r
A1 1.14
+0.07
−0.09 −0.5
rrV 2 2.23
+0.10
−0.16 2.6 r
r
S3 0.20
−0.01
+0.01 0.6 r
r
A2 −0.38
−0.06
+0.08 1.1
ours Ref.[22] ours Ref.[23]
Cr12 −0.026
+0.001
−0.001 −0.1 C
r
12 −0.026
+0.001
−0.001 (0.3± 5.4)× 10
−3
2Cr12+ C
r
34 0.068
−0.006
+0.010 −0.10± 0.17 C
r
12+ C
r
34 0.094
−0.007
+0.011 (3.2± 1.5)× 10
−2
From which we see that among ten parameters between our predictions and values given in the literature, four of
them have the same orders of magnitudes and signs (rrV 1, r
r
V 2, r
r
S3 and C
r
12+ C
r
34), another one of them has different
orders of magnitudes but the same signs (Cr12 in Ref.[22]) , the left five of them have opposite signs (r
r
S2, r
r
A1, r
r
A2,
2Cr12+ C
r
34 and C
r
12 in Ref.[23]).
Further in Fig.1, we compare the experimental data for vector form factors collected in Figure 4. and Figure 5. of
Ref.[17] with our results. In obtaining our numerical predictions, we have exploited the formula given by Eq.(3.16)
in Ref.[17] which especially depends on p6 order LECs through rrV 1, r
r
V 2 defined in (62) and we input the formula p
4
and p6 LECs obtained in Table.III of the last section.
From Fig.1, we see that p6 order LECs explicitly improve the p4 and p2 order chiral perturbation predictions and
making them being more consistent with experimental data.
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FIG. 1: The space like and time like data for the vector form factor.
The red solid curve corresponds to predictions from chiral perturbation up to p6 order with LECs obtained in
Table.III of this paper. The red dashed line is the result by vanishing p6 order LECs in corresponding red solid
curve. The blue dot-dashed curve corresponds to predictions from chiral perturbation up to p4 order with LECs
obtained in Table.I of this paper. The blue dotted line is the result by vanishing p4 order LECs in corresponding blue
dot-dashed curve.The black x-axis of with |FVpi |
2 = 1.0 corresponds to predictions from p2 order chiral perturbation.
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C. Photon-Photon Collisions
In Ref.[24], discussion of the photon-photon collision γγ → pi0pi0 introduces ar1, a
r
2 and b
r relate to p6 order LECs
by
ar1 = 4096pi
4(−cr29 − c
r
30 + c
r
34) a
r
2 = 256pi
4(8cr29 + 8c
r
30 + c
r
31 + c
r
32 + 2c
r
33) b
r = −128pi4(cr31 + c
r
32 + 2c
r
33) . (65)
While in Ref.[25], calculation of the photon-photon collision γγ → pi+pi− introduces another type of ar1, a
r
2 and b
r
relate to p6 order LECs by
ar1 = −4096pi
4(6cr6 + c
r
29 − c
r
30 − 3c
r
34 + c
r
35 + 2c
r
46 − 4c
r
47 + c
r
50) ,
ar2 = 256pi
4(8cr29 − 8c
r
30 + c
r
31 + c
r
32 − 2c
r
33 + 4c
r
44 + 8c
r
50 − 4c
r
51) , (66)
br = −128pi4(cr31 + c
r
32 − 2c
r
33 − 4c
r
44) .
In Table.IX, we list the numerical results for above combinations of LECs given by our calculations based on Table.III
in last section and by Ref.[24] and [25].
TABLE IX. The obtained values for the combinations of the p6 order LECs appear in photon-photon collisions.
ours Ref.[24] ours Ref.[25]
ar1 −5.65
−0.91
+1.23 −14± 5 a
r
1 −5.86
−0.49
+0.58 −3.2
ar2 3.79
+0.02
−0.05 7± 3 a
r
2 −0.98
−0.07
+0.12 0.7
br 1.66+0.05−0.09 3± 1 b
r −0.23−0.01+0.02 0.4
For which we see that among six parameters between our predictions and values given in the literature, except two
have opposite signs, other four all have the same orders of magnitudes and signs.
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D. Radiative pion decay
In Ref.[26], through reanalysis of the radiative pion decay, a group of p6 order LECs are fixed.
TABLE X. The obtained values for the combinations of the p6 order LECs from pion radiative decay and our work.
The coefficients in the table are in units of 10−5
Cr12 C
r
13 C
r
61 C
r
62 2C
r
63 − C
r
65 C
r
64
Ref.[26] −0.6± 0.3 0± 0.2 1.0± 0.3 0± 0.2 1.8± 0.7 0± 0.2
ours −0.26+0.01−0.01 0.0
+0.0
−0.0 2.18
−0.17
+0.20 0.0
+0.0
−0.0 6.36
−0.42
+0.56 0.0
+0.0
−0.0
Cr78 C
r
80 C
r
81 C
r
82 C
r
87 C
r
88
Ref.[26] 10.0± 3.0 1.8± 0.4 0± 0.2 −3.5± 1.0 3.6± 1.0 −3.5± 1.0
ours 13.26+0.77−1.20 0.66
−0.03
+0.02 0.0
+0.0
−0.0 −5.39
−0.24
+0.39 5.73
+0.28
−0.45 −4.14
−0.55
+0.78
We find that all LECs and combination of LECs from our predictions have the same signs and orders of magnitudes
as those from experiment values.
E. Model calculations
Except above phenomenological estimations on the values of some LECs, there are model calculations for some
others of them and most of these analysis use a (single) resonance approximation. In contrast, our calculations do
not rely on the assumption of existence of resonances. In this subsection, we list down these calculation values we can
collect from the literature and compare with our results.
Ref.[27] estimates values of some LECs.
TABLE XI. The obtained values for the p6 order LEC in Ref.[27] and our works
The coefficients in the table are in units of 10−3GeV−2
Cr14 C
r
19 C
r
38 C
r
61 C
r
80 C
r
87
Ref.[27] −4.3 −2.8 1.2 1.9 1.9 7.6
ours −0.83+0.12−0.19 −0.48
+0.09
−0.13 0.41
−0.08
+0.07 2.88
−0.22
+0.26 0.87
−0.04
+0.03 7.57
+0.37
−0.60
For Cr63 and C
r
65, Ref.[28] gives the value for their combination 2C
r
63−C
r
65 = (1.8± 0.7)× 10
−5 which, compares to
our result of 6.36−0.48+0.56 × 10
−5, is at the same order of magnitude and has the same sign.
For Cr87, there are several works to estimate its values, we list them in Table.XII.
TABLE XII. The obtained values for the p6 order LEC Cr87
The coefficients in the table are in units of 10−5
ours Ref.[29] Ref.[30] Ref.[31]
Cr87 5.73
+0.28
−0.45 3.1± 1.1 4.3± 0.4 3.70± 0.14
where Cr87 given in Ref.[30] and [31] are in form of C87 in unit of GeV
−2, we have transformed them into our expression
of Cr87 with C
r
87 = C87F
2
0 .
Further, Ref.[32] exploits resonance Lagrangian estimates values of LECs C78, C82, C87, C88, C89, C90.
TABLE XIII. The obtained values for the p6 order LEC from resonance Lagrangian given by Ref.[32] and our work
The coefficients in the table are in units of 10−4/F 20
C78 C82 C87 C88 C89 C90
Lowest Meson Dominance 1.09 −0.36 0.40 −0.52 1.97 0.0
Resonance Lagrangian I 1.09 −0.29 0.47 −0.16 2.29 0.33
Resonance Lagrangian II 1.49 −0.39 0.65 −0.14 3.22 0.51
ours 1.326+0.077−0.120 −0.539
−0.024
+0.039 0.573
+0.028
−0.045 −0.414
−0.055
+0.078 2.630
+0.122
−0.198 0.185
−0.029
+0.035
We find that our results are consistent with those obtained from resonance Lagrangian.
Ref.[33] estimates the value of C38 and gives C
r
38 = (2 ± 6) × 10
−6 which is also consistent with our result of
Cr38 = 3.1
−0.6
+0.6 × 10
−6.
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In terms of resonance exchange, Ref.[34] proposes some relations among different p6 order LECs,
C20 = −3C21 = C32 =
1
6
C35 C24 = 6C28 = 3C30 . (67)
To check the validity of these relations for our results, in Table. XIV, we write corresponding values obtained in our
calculations
TABLE XIV. The obtained values for the p6 order LEC from our work
The coefficients in the table are in units of 10−3GeV−2
C20 −3C21 C32
1
6C35 C24 6C28 3C30
0.18−0.03+0.04 0.18
−0.03
+0.03 0.18
−0.03
+0.04 0.028
−0.020
+0.028 1.62
+0.04
−0.07 1.80
+0.06
−0.06 1.80
+0.06
−0.09
We see that except C35, all the other LECs satisfy the relations.
VIII. SUMMARY
In this paper, we revise our original formulation of calculating LECs from the first principle of QCD to a chiral
covariant one suitable to computerize. With the help of computer, we successfully obtain the analytical expressions
for all the p6 order LECs in the normal part of chiral Lagrangian for pseudo scalar mesons on the quark self energy
Σ(k2). The ambiguities for anomaly part contributions to the normal part of the chiral Lagrangian are clarified and
we prove that this part totally should vanish and therefore need not to be considered in our computations. Since our
calculation is done under large Nc limit, only operators of p
6 order with one trace and some multi-traces from the
equation of motion survive in our formulation. We set up relations among the coefficients in front of these operators
and LECs defined in Ref.[14]. Then with input of F0 =87MeV to fix the ΛQCD in the running coupling constant
of αs(k
2) appear in the kernel of SDE and choose cutoff of the theory being Λ = 1000+100−100MeV and Λ = ∞, we
calculate all p6 order LECs numerically both for two flavor and three flavor cases. Compare our result LECs with
those combinations which we can find experimental or model calculation values in the literature, we find that except
few of them have wrong signs, most of our predicted combinations of p6 order LECs have the same signs and orders
of magnitudes with experiment or model calculation values. This sets the solid basis for our p6 order computations.
For those combinations with wrong signs or wrong order of magnitudes with experiment values, we need further
investigations. Based on these obtained p6 order LECs, we expect a very large number of predictions for various
pseudo scalar meson physics in the near future.
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APPENDIX A: LOW ENERGY EXPANSION FOR eB, Σ
`
(k + F˜ )2
´
AND B
In this appendix, we first list down the p3, p4, p5 and p6 order low energy expansion result for eB used in (20).
d3
dt3
eB(t)
∣∣∣∣
t=0
=
d2
dt2
eB(t)
∣∣∣∣
t=0
f [Ad(−B0)](B1) +
d
dt
eB(t)
∣∣∣∣
t=0
{
2
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 2f [Ad(−B0)](B2)
}
+eB0
{
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 2
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B2) + f [Ad(−B0)](B3)
}
, (A1)
d4
dt4
eB(t)
∣∣∣∣
t=0
=
d3
dt3
eB(t)
∣∣∣∣
t=0
f [Ad(−B0)](B1) +
d2
dt2
eB(t)
∣∣∣∣
t=0
{
3
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 3f [Ad(−A0)](B2)
}
+
d
dt
eB(t)
∣∣∣∣
t=0
{
3
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 6
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B2) + 3f [Ad(−B0)](B3)
}
+eB0
{
d3f
dt3
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 3
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B2)
+3
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B3) + f [Ad(−B0)](B4)
}
, (A2)
d5
dt5
eB(t)
∣∣∣∣
t=0
=
d4
dt4
eB(t)
∣∣∣∣
t=0
f [Ad(−B0)](B1) +
d3
dt3
eB(t)
∣∣∣∣
t=0
{
4
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 4f [Ad(−A0)](B2)
}
+
d2
dt2
eB(t)
∣∣∣∣
t=0
{
6
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 12
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B2) + 6f [Ad(−B0)](B3)
}
+
d
dt
eB(t)
∣∣∣∣
t=0
{
4
d3f
dt3
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 12
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B2) + 12
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B3)
+4f [Ad(−B0)](B4)
}
+ eB0
{
d4f
dt4
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 4
d3f
dt3
[Ad(−B(t))]
∣∣∣∣
t=0
(B2)
+6
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B3) + 4
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B4) + f [Ad(−B0)](B5)
}
, (A3)
d6
dt6
eB(t)
∣∣∣∣
t=0
=
d5
dt5
eB(t)
∣∣∣∣
t=0
f [Ad(−B0)](B1) +
d4
dt4
eB(t)
∣∣∣∣
t=0
{
5
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 5f [Ad(−B0)](B2)
}
+
d3
dt3
eB(t)
∣∣∣∣
t=0
{
10
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 20
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B2) + 10f [Ad(−B0)](B3)
}
20
+
d2
dt2
eB(t)
∣∣∣∣
t=0
{
10
d3f
dt3
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 30
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B2)
+30
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B3) + 10f [Ad(−B0)](B4)
}
+
d
dt
eB(t)
∣∣∣∣
t=0
{
5
d4f
dt4
[Ad(−B(t))]
∣∣∣∣
t=0
(B1)
+20
d3f
dt3
[Ad(−B(t))]
∣∣∣∣
t=0
(B2) + 30
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B3) + 20
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B4)
+5f [Ad(−B0)](B5)
}
+ eB0
{
d5f
dt5
[Ad(−B(t))]
∣∣∣∣
t=0
(B1) + 5
d4f
dt4
[Ad(−B(t))]
∣∣∣∣
t=0
(B2)
+10
d3f
dt3
[Ad(−B(t))]
∣∣∣∣
t=0
(B3) + 10
d2f
dt2
[Ad(−B(t))]
∣∣∣∣
t=0
(B4) + 5
df
dt
[Ad(−B(t))]
∣∣∣∣
t=0
(B5)
+f [Ad(−B0)](B6)
}
. (A4)
Then, we list down the p3, p4, p5 and p6 order low energy expansion result for Σ
(
(k+ F˜ )2
)
used in (32). Note traceless
terms in p5 and p6 orders are dropped out.
1
6
[
d3
dt3
Σ[A(t)]
]
t=0
=
1
6
eAd(A0
∂
∂s
)
[
e−A0
∂
∂s
d2
dt2
eA(t)
∂
∂s
∣∣∣∣
t=0
f [Ad(−A0
∂
∂s
)](A1
∂
∂s
)
+e−A0
∂
∂s
d
dt
eA(t)
∂
∂s
∣∣∣∣
t=0
{
2
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 2f [Ad(−A0
∂
∂s
)](A2
∂
∂s
)
}
+
{
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 2
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
)
+f [Ad(−A0
∂
∂s
)](A3
∂
∂s
)
}]
Σ(s+A(t))
∣∣∣∣
s=0
= −
i
3
(µµν)kνΣ
′′
k +
2i
3
(µνλ)kµkνΣ
′′
k
∂
∂kλ
+
2i
3
(µνλ)kνΣ
′
k
∂2
∂kµ∂kλ
+
i
3
(µµν)Σ′k
∂
∂kν
, (A5)
[
d4
dt4
Σ[A(t)]
]
t=0
= eAd(A0
∂
∂s
)
[
e−A0
∂
∂s
d3
dt3
eA(t)
∂
∂s
∣∣∣∣
t=0
f [Ad(−A0
∂
∂s
)](A1
∂
∂s
)
+e−A0
∂
∂s
d2
dt2
eA(t)
∂
∂s
∣∣∣∣
t=0
{
3
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 3f [Ad(−A0
∂
∂s
)](A2
∂
∂s
)
}
+e−A0
∂
∂s
d
dt
eA(t)
∂
∂s
∣∣∣∣
t=0
{
3
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 6
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
)
+3f [Ad(−A0
∂
∂s
)](A3
∂
∂s
)
}
+
{
d3f
dt3
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 3
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
)
+3
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A3
∂
∂s
) + f [Ad(−A0
∂
∂s
)](A4
∂
∂s
)
}]
t=0
Σ(s+ A(t))
∣∣∣∣
s=0
= −
1
4
(µν)(µλ)kνΣ
′′
k
∂
∂kλ
+
1
2
(µν)(λρ)kµkλΣ
′′
k
∂2
∂kν∂kρ
−
1
8
(µννλ)kλΣ
′′
k
∂
∂kµ
−
1
8
(µνµλ)kλΣ
′′
k
∂
∂kν
+
1
4
(µµνλ)kνΣ
′′
k
∂
∂kλ
+
1
4
(µνλρ)kνkλΣ
′′
k
∂2
∂kµ∂kρ
+
1
4
(µνλρ)kµkλΣ
′′
k
∂2
∂kν∂kρ
+
1
4
(µνλρ)kλΣ
′
k
∂3
∂kµ∂kν∂kρ
+
1
4
(µν)(µν)Σ′′k
+
1
4
(µν)(µλ)kλΣ
′′
k
∂
∂kν
+
1
4
(µν)(µλ)Σ′k
∂2
∂kν∂kλ
+
1
8
(µννλ)kµΣ
′′
k
∂
∂kλ
+
1
8
(µννλ)Σ′k
∂2
∂kµ∂kλ
+
1
8
(µνµλ)kνΣ
′′
k
∂
∂kλ
+
1
8
(µνµλ)Σ′k
∂2
∂kν∂kλ
−
1
6
(µννλ)kµkλΣ
′′′
k −
1
6
(µνµλ)kνkλΣ
′′′
k +
1
3
(µνλρ)kµkνkλΣ
′′′
k
∂
∂kρ
+
1
3
(µν)(µλ)kνkλΣ
′′′
k , (A6)
21
15!
[
d5
dt5
Σ[A(t)]
]
t=0
=
1
5!
eAd(A0
∂
∂s
)
[
e−A0
∂
∂s
d4
dt4
eA(t)
∂
∂s
∣∣∣∣
t=0
f [Ad(−A0
∂
∂s
)](A1
∂
∂s
) + e−A0
∂
∂s
d3
dt3
eA(t)
∂
∂s
∣∣∣∣
t=0
{
4
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
)
+4f [Ad(−A0
∂
∂s
)](A2
∂
∂s
)
}
+ e−A0
∂
∂s
d2
dt2
eA(t)
∂
∂s
∣∣∣∣
t=0
{
6
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
)
+12
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
) + 6f [Ad(−A0
∂
∂s
)](A3
∂
∂s
)
}
+ e−A0
∂
∂s
d
dt
eA(t)
∂
∂s
∣∣∣∣
t=0
{
4
d3f
dt3
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
)
+12
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
) + 12
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A3
∂
∂s
) + 4f [Ad(−A0
∂
∂s
)](A4
∂
∂s
)
}
+
{
d4f
dt4
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 4
d3f
dt3
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
) + 6
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A3
∂
∂s
)
+4
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A4
∂
∂s
) + f [Ad(−A0
∂
∂s
)](A5
∂
∂s
)
}]
Σ(s+A(t))
∣∣∣∣
s=0
= traceless terms , (A7)
[
d6
dt6
Σ[A(t)]
]
t=0
= eAd(A0
∂
∂s
)
[
e−A0
∂
∂s
d5
dt5
eA(t)
∂
∂s
∣∣∣∣
t=0
[Ad(−A0
∂
∂s
)](A1
∂
∂s
) + e−A0
∂
∂s
d4
dt4
eA(t)
∂
∂s
∣∣∣∣
t=0
{
5
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
)
+5f [Ad(−A0
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
)
}
+ e−A0
∂
∂s
d3
dt3
eA(t)
∂
∂s
∣∣∣∣
t=0
{
10
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
)
+20
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
) + 10f [Ad(−A0
∂
∂s
)](A3
∂
∂s
)
}
+e−A0
∂
∂s
d2
dt2
eA(t)
∂
∂s
∣∣∣∣
t=0
{
10
d3f
dt3
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 30
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
)
+30
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A3
∂
∂s
) + 10f [Ad(−A0
∂
∂s
)](A4
∂
∂s
)
}
+e−A0
∂
∂s
d
dt
eA(t)
∂
∂s
∣∣∣∣
t=0
{
5
d4f
dt4
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 20
d3f
dt3
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
)
+30
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A3
∂
∂s
) + 20
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A4
∂
∂s
) + 5f [Ad(−A0
∂
∂s
)](A5
∂
∂s
)
}
+
{
d5f
dt5
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A1
∂
∂s
) + 5
d4f
dt4
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A2
∂
∂s
) + 10
d3f
dt3
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A3
∂
∂s
)
+10
d2f
dt2
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A4
∂
∂s
) + 5
df
dt
[Ad(−A(t)
∂
∂s
)]
∣∣∣∣
t=0
(A5
∂
∂s
) + f [Ad(−A0
∂
∂s
)](A6
∂
∂s
)
}]
Σ(s+A0)
∣∣∣∣
s=0
=
1
9
(µµν)(λνλ)Σ′′′k −
1
6
(µµνλ)(νλ)Σ′′′k −
1
6
(µνµλ)(νλ)Σ′′′k −
1
6
(µννλ)(µλ)Σ′′′k −
4
27
(µνλ)(µνλ)Σ′′′k −
4
27
(µνλ)(νµλ)Σ′′′k
−
1
24
(µννλ)(µρ)kλkρΣ
′′′′
k −
1
24
(µνµλ)(νρ)kλkρΣ
′′′′
k −
1
18
(µµν)(λλρ)kνkρΣ
′′′′
k −
1
4
(µνλρ)(λρ)kµkνΣ
′′′′
k
+
1
4
(µνλρ)(νλ)kµkρΣ
′′′′
k +
1
4
(µνλρ)(µλ)kνkρΣ
′′′′
k −
1
4
(µµνλ)(νρ)kλkρΣ
′′′′
k −
7
54
(µνλ)(ρνρ)kµkλΣ
′′′′
k
−
2
9
(µνλ)(ρνλ)kµkρΣ
′′′′
k +
2
9
(µνλ)(ρµν)kλkρΣ
′′′′
k +
2
9
(µνλ)(νλρ)kµkρΣ
′′′′
k −
2
9
(µνλ)(µνρ)kλkρΣ
′′′′
k
+
11
54
(µµν)(λνρ)kλkρΣ
′′′′
k +
5
24
(µννλ)(λρ)kµkρΣ
′′′′
k +
5
24
(µνµλ)(λρ)kνkρΣ
′′′′
k −
1
12
(µν)(µλ)(λρ)kνkρΣ
′′′′
k
−
1
12
(µν)(λρ)(µλ)kνkρΣ
′′′′
k +
1
8
(µννλ)(λρ)kρΣ
′′′
k
∂
∂kµ
+
1
12
(µννλ)(λρ)kµΣ
′′′
k
∂
∂kρ
+
1
24
(µννλ)(µρ)kρΣ
′′′
k
∂
∂kλ
22
+
1
12
(µννλ)(µρ)kλΣ
′′′
k
∂
∂kρ
+
1
8
(µνµλ)(λρ)kρΣ
′′′
k
∂
∂kν
+
1
12
(µνµλ)(λρ)kνΣ
′′′
k
∂
∂kρ
+
1
24
(µνµλ)(νρ)kρΣ
′′′
k
∂
∂kλ
+
1
12
(µνµλ)(νρ)kλΣ
′′′
k
∂
∂kρ
+
1
18
(µµν)(λλρ)kρΣ
′′′
k
∂
∂kν
+
1
18
(µµν)(λλρ)kνΣ
′′′
k
∂
∂kρ
−
1
6
(µνλρ)(λρ)kνΣ
′′′
k
∂
∂kµ
−
1
6
(µνλρ)(λρ)kµΣ
′′′
k
∂
∂kν
+
1
6
(µνλρ)(νλ)kρΣ
′′′
k
∂
∂kµ
+
1
6
(µνλρ)(νλ)kµΣ
′′′
k
∂
∂kρ
+
1
6
(µνλρ)(µλ)kρΣ
′′′
k
∂
∂kν
+
1
6
(µνλρ)(µλ)kνΣ
′′′
k
∂
∂kρ
−
1
12
(µµνλ)(νρ)kρΣ
′′′
k
∂
∂kλ
−
2
27
(µνλ)(ρνρ)kλΣ
′′′
k
∂
∂kµ
−
4
27
(µνλ)(ρνρ)kµΣ
′′′
k
∂
∂kλ
−
4
27
(µνλ)(ρνλ)kρΣ
′′′
k
∂
∂kµ
−
4
27
(µνλ)(ρνλ)kµΣ
′′′
k
∂
∂kρ
+
4
27
(µνλ)(ρµν)kρΣ
′′′
k
∂
∂kλ
+
4
27
(µνλ)(ρµν)kλΣ
′′′
k
∂
∂kρ
+
4
27
(µνλ)(νλρ)kρΣ
′′′
k
∂
∂kµ
+
4
27
(µνλ)(νλρ)kµΣ
′′′
k
∂
∂kρ
−
4
27
(µνλ)(µνρ)kρΣ
′′′
k
∂
∂kλ
+
4
27
(µµν)(λνρ)kρΣ
′′′
k
∂
∂kλ
+
2
27
(µµν)(λνρ)kλΣ
′′′
k
∂
∂kρ
−
2
27
(µνλ)(ρµρ)kνΣ
′′′
k
∂
∂kλ
+
4
27
(µνλ)(νµρ)kλΣ
′′′
k
∂
∂kρ
−
2
27
(µµν)(νλρ)kλΣ
′′′
k
∂
∂kρ
−
1
6
(µν)(µν)(λρ)kλΣ
′′′
k
∂
∂kρ
−
1
12
(µν)(λρ)(µλ)kνΣ
′′′
k
∂
∂kρ
−
1
12
(µν)(λρ)(λρ)kµΣ
′′′
k
∂
∂kν
−
1
12
(µν)(µλ)(λρ)kνΣ
′′′
k
∂
∂kρ
+
1
16
(µννλ)(λρ)Σ′′k
∂2
∂kµ∂kρ
−
1
16
(µννλ)(µρ)Σ′′k
∂2
∂kλ∂kρ
+
1
16
(µνµλ)(λρ)Σ′′k
∂2
∂kν∂kρ
−
1
16
(µνµλ)(νρ)Σ′′k
∂2
∂kλ∂kρ
−
1
18
(µµν)(λλρ)Σ′′k
∂2
∂kν∂kρ
−
1
8
(µνλρ)(λρ)Σ′′k
∂2
∂kµ∂kν
+
1
8
(µνλρ)(νλ)Σ′′k
∂2
∂kµ∂kρ
+
1
8
(µνλρ)(µλ)Σ′′k
∂2
∂kν∂kρ
−
1
8
(µµνλ)(νρ)Σ′′k
∂2
∂kλ∂kρ
−
1
9
(µνλ)(ρνρ)Σ′′k
∂2
∂kµ∂kλ
−
1
9
(µνλ)(ρνλ)Σ′′k
∂2
∂kµ∂kρ
+
1
9
(µνλ)(ρµν)Σ′′k
∂2
∂kλ∂kρ
+
1
9
(µνλ)(νλρ)Σ′′k
∂2
∂kµ∂kρ
−
1
9
(µνλ)(µνρ)Σ′′k
∂2
∂kλ∂kρ
−
1
6
(µν)(µλ)(νρ)kλΣ
′′′
k
∂
∂kρ
−
1
8
(µν)(µλ)(λρ)Σ′′k
∂2
∂kν∂kρ
−
1
8
(µν)(µλ)(νρ)Σ′′k
∂2
∂kλ∂kρ
−
16
45
(µνλ)(ρνσ)kµkλkρkσΣ
′′′′′
k −
2
5
(µνλρ)(λσ)kµkνkρkσΣ
′′′′′
k
−
1
4
(µνλρ)(λσ)kνkρkσΣ
′′′′
k
∂
∂kµ
−
1
4
(µνλρ)(λσ)kµkρkσΣ
′′′′
k
∂
∂kν
−
2
9
(µνλ)(ρνσ)kλkρkσΣ
′′′′
k
∂
∂kµ
−
2
9
(µνλ)(ρνσ)kµkλkσΣ
′′′′
k
∂
∂kρ
−
1
27
(µνλ)(ρνσ)kµkλkρΣ
′′′′
k
∂
∂kσ
+
1
12
(µνλρ)(νσ)kµkλkσΣ
′′′′
k
∂
∂kρ
+
1
12
(µνλρ)(µσ)kνkλkσΣ
′′′′
k
∂
∂kρ
+
1
6
(µννλ)(ρσ)kµkλkρΣ
′′′′
k
∂
∂kσ
+
1
6
(µνµλ)(ρσ)kνkλkρΣ
′′′′
k
∂
∂kσ
+
1
27
(µνλ)(ρµσ)kνkρkσΣ
′′′′
k
∂
∂kλ
+
1
9
(µνλ)(ρρσ)kµkνkσΣ
′′′′
k
∂
∂kλ
+
1
9
(µµν)(λρσ)kνkλkρΣ
′′′′
k
∂
∂kσ
−
1
4
(µν)(µλ)(ρσ)kνkλkρΣ
′′′′
k
∂
∂kσ
−
1
12
(µν)(λρ)(λσ)kµkρkσΣ
′′′′
k
∂
∂kν
−
5
27
(µνλ)(ρνσ)kµkρkσΣ
′′′′
k
∂
∂kλ
+
5
27
(µνλ)(νρσ)kµkλkρΣ
′′′′
k
∂
∂kσ
−
1
6
(µνλρ)(λσ)kµkνkσΣ
′′′′
k
∂
∂kρ
−
1
12
(µνλρ)(λσ)kνkσΣ
′′′
k
∂2
∂kµ∂kρ
−
1
12
(µνλρ)(λσ)kµkσΣ
′′′
k
∂2
∂kν∂kρ
−
4
27
(µνλ)(ρνσ)kλkσΣ
′′′
k
∂2
∂kµ∂kρ
+
2
27
(µνλ)(ρνσ)kµkλΣ
′′′
k
∂2
∂kρ∂kσ
+
1
12
(µνλρ)(νσ)kλkσΣ
′′′
k
∂2
∂kµ∂kρ
−
1
6
(µνλρ)(νσ)kµkλΣ
′′′
k
∂2
∂kρ∂kσ
+
1
12
(µνλρ)(µσ)kλkσΣ
′′′
k
∂2
∂kν∂kρ
−
1
6
(µνλρ)(µσ)kνkλΣ
′′′
k
∂2
∂kρ∂kσ
+
1
8
(µννλ)(ρσ)kλkρΣ
′′′
k
∂2
∂kµ∂kσ
−
1
8
(µννλ)(ρσ)kµkρΣ
′′′
k
∂2
∂kλ∂kσ
+
1
8
(µνµλ)(ρσ)kλkρΣ
′′′
k
∂2
∂kν∂kσ
−
1
8
(µνµλ)(ρσ)kνkρΣ
′′′
k
∂2
∂kλ∂kσ
−
4
27
(µνλ)(ρµσ)kνkρΣ
′′′
k
∂2
∂kλ∂kσ
+
1
9
(µνλ)(ρρσ)kνkσΣ
′′′
k
∂2
∂kµ∂kλ
−
1
9
(µνλ)(ρρσ)kµkνΣ
′′′
k
∂2
∂kλ∂kσ
−
1
9
(µµν)(λρσ)kλkρΣ
′′′
k
∂2
∂kν∂kσ
+
1
9
(µµν)(λρσ)kνkρΣ
′′′
k
∂2
∂kλ∂kσ
−
1
6
(µν)(µλ)(ρσ)kλkρΣ
′′′
k
∂2
∂kν∂kσ
−
1
12
(µν)(λρ)(λσ)kµkσΣ
′′′
k
∂2
∂kν∂kρ
+
1
12
(µν)(λρ)(λσ)kµkρΣ
′′′
k
∂2
∂kν∂kσ
−
1
4
(µµνλ)(ρσ)kνkρΣ
′′′
k
∂2
∂kλ∂kσ
+
4
27
(µνλ)(νρσ)kλkρΣ
′′′
k
∂2
∂kµ∂kσ
23
−
4
27
(µνλ)(µρσ)kνkρΣ
′′′
k
∂2
∂kλ∂kσ
−
2
27
(µνλ)(ρνσ)kρkσΣ
′′′
k
∂2
∂kµ∂kλ
−
1
6
(µνλρ)(λσ)kµkνΣ
′′′
k
∂2
∂kρ∂kσ
−
4
27
(µνλ)(ρνσ)kµkσΣ
′′′
k
∂2
∂kλ∂kρ
−
4
27
(µνλ)(ρνσ)kµkρΣ
′′′
k
∂2
∂kλ∂kσ
−
1
6
(µνλρ)(λσ)kρkσΣ
′′′
k
∂2
∂kµ∂kν
−
1
8
(µνλρ)(λσ)kνΣ
′′
k
∂3
∂kµ∂kρ∂kσ
−
1
8
(µνλρ)(λσ)kµΣ
′′
k
∂3
∂kν∂kρ∂kσ
−
1
9
(µνλ)(ρνσ)kσΣ
′′
k
∂3
∂kµ∂kλ∂kρ
−
1
9
(µνλ)(ρνσ)kρΣ
′′
k
∂3
∂kµ∂kλ∂kσ
+
1
9
(µνλ)(ρνσ)kλΣ
′′
k
∂3
∂kµ∂kρ∂kσ
−
1
9
(µνλ)(ρνσ)kµΣ
′′
k
∂3
∂kλ∂kρ∂kσ
−
1
8
(µνλρ)(νσ)kλΣ
′′
k
∂3
∂kµ∂kρ∂kσ
−
1
8
(µνλρ)(µσ)kλΣ
′′
k
∂3
∂kν∂kρ∂kσ
−
1
8
(µννλ)(ρσ)kρΣ
′′
k
∂3
∂kµ∂kλ∂kσ
−
1
8
(µνµλ)(ρσ)kρΣ
′′
k
∂3
∂kν∂kλ∂kσ
−
2
9
(µνλ)(ρµσ)kνΣ
′′
k
∂3
∂kλ∂kρ∂kσ
−
1
9
(µνλ)(ρρσ)kνΣ
′′
k
∂3
∂kµ∂kλ∂kσ
−
1
9
(µµν)(λρσ)kρΣ
′′
k
∂3
∂kν∂kλ∂kσ
−
1
8
(µν)(µλ)(ρσ)kρΣ
′′
k
∂3
∂kν∂kλ∂kσ
−
1
8
(µν)(λρ)(λσ)kµΣ
′′
k
∂3
∂kν∂kρ∂kσ
−
1
8
(µνλρ)(λσ)Σ′k
∂4
∂kµ∂kν∂kρ∂kσ
−
1
9
(µνλ)(ρνσ)Σ′k
∂4
∂kµ∂kλ∂kρ∂kσ
+
1
6
(µν)(λρ)(µσ)kνkλΣ
′′′
k
∂2
∂kρ∂kσ
−
1
3
(µνλρ)(σδ)kµkνkλkσΣ
′′′′
k
∂2
∂kρ∂kδ
−
2
9
(µνλ)(ρσδ)kµkνkρkσΣ
′′′′
k
∂2
∂kλ∂kδ
−
1
4
(µνλρ)(σδ)kνkλkσΣ
′′′
k
∂3
∂kµ∂kρ∂kδ
−
1
4
(µνλρ)(σδ)kµkλkσΣ
′′′
k
∂3
∂kν∂kρ∂kδ
−
2
9
(µνλ)(ρσδ)kνkρkσΣ
′′′
k
∂3
∂kµ∂kλ∂kδ
−
2
9
(µνλ)(ρσδ)kµkνkσΣ
′′′
k
∂3
∂kλ∂kρ∂kδ
−
1
4
(µνλρ)(σδ)kλkσΣ
′′
k
∂4
∂kµ∂kν∂kρ∂kδ
−
2
9
(µνλ)(ρσδ)kνkσΣ
′′
k
∂4
∂kµ∂kλ∂kρ∂kδ
−
1
6
(µν)(λρ)(σδ)kµkλkσΣ
′′′
k
∂3
∂kν∂kρ∂kδ
+traceless terms . (A8)
Finally, we list down the p3, p4, p5, p6 order low energy expansion result for B used in (18),
B3 = −6ds
µ
Ωγµτ + 6idp
µ
Ωγµγ5τ − 6ia
µ
Ωsγµγ5τ − 6a
µ
Ωpγµτ − 6isΩa
µ
Ωγµγ5τ − 6pΩa
µ
Ωγµτ
−3i(µνλ)γνγλτ
∂
∂kµ
+ 3iaµΩ(νa
λ
Ω)γµγλτ
∂
∂kν
+ 3i(µaνΩ)a
λ
Ωγνγλτ
∂
∂kµ
− 3iaµΩ(νa
λ
Ω)γλγµτ
∂
∂kν
−3i(µaνΩ)a
λ
Ωγλγντ
∂
∂kµ
− 3(µ∇a
ν
Ω∇a
λ
Ω)γνγλγ5τ
∂
∂kµ
− 2i(µµν)τ
∂
∂kν
+ 6iaµΩ(νaΩµ)τ
∂
∂kν
+6i(µaνΩ)aΩντ
∂
∂kµ
− 12i(µsΩ)τkµΣ
′
k + 12(µpΩ)γ5τkµΣ
′
k − 12i(µsΩ)τΣk
∂
∂kµ
+4i(µµν)τkνΣkΣ
′′
k + 4i(µµν)τkνΣ
′2
k − 4i(µνλ)τkν
∂2
∂kµ∂kλ
− 4i(µµν)τΣkΣ
′
k
∂
∂kν
−6i(µµaνΩ)γνγ5τΣ
′
k − 12i(µνa
λ
Ω)γλγ5τkµkνΣ
′′
k − 6i(µνa
λ
Ω)γλγ5τkµΣ
′
k
∂
∂kν
− 6i(µνaλΩ)γλγ5τkνΣ
′
k
∂
∂kµ
−6i(µνaλΩ)γλγ5τΣk
∂2
∂kµ∂kν
+ 3(µν)aΩµγ5τ
∂
∂kν
+ 3aµΩ(µν)γ5τ
∂
∂kν
− 6i(µν)aλΩγλγ5τkµΣ
′
k
∂
∂kν
+3(µνaΩµ)γ5τ
∂
∂kν
+ 3(µνaΩν)γ5τ
∂
∂kµ
+ 6(µνaλΩ)γ5τkλ
∂2
∂kµ∂kν
− 6(µνλ)γµτkνΣ
′
k
∂
∂kλ
−6(µµν)γντΣ
′
k + 12(µνλ)γντkµkλΣ
′′
k + 6(µνλ)γντkµΣ
′
k
∂
∂kλ
+ 6(µνλ)γντkλΣ
′
k
∂
∂kµ
(A9)
−6iaµΩ(νλ)γµγ5τkνΣ
′
k
∂
∂kλ
− 8i(µνλ)τkµkνΣkΣ
′′
k
∂
∂kλ
− 8i(µνλ)τkµkνΣ
′2
k
∂
∂kλ
− 8i(µνλ)τkνΣkΣ
′
k
∂2
∂kµ∂kλ
,
B4 = −24s
2
Ωτ − 24p
2
Ωτ + 24i[sΩ, pΩ]γ5τ + 24i(µd
νsΩ)γντ
∂
∂kµ
+ 24(µdνpΩ)γνγ5τ
∂
∂kµ
− 24aµΩ(νsΩ)γµγ5τ
∂
∂kν
−24(µaνΩ)sΩγνγ5τ
∂
∂kµ
+ 24iaµΩ(νpΩ)γµτ
∂
∂kν
+ 24i(µaνΩ)pΩγντ
∂
∂kµ
− 24sΩ(µa
ν
Ω)γνγ5τ
∂
∂kµ
−24(µsΩ)a
ν
Ωγνγ5τ
∂
∂kµ
+ 24ipΩ(µa
ν
Ω)γντ
∂
∂kµ
+ 24i(µpΩ)a
ν
Ωγντ
∂
∂kµ
− 6(µνλρ)γλγρτ
∂2
∂kµ∂kν
+6aµΩ(νλa
ρ
Ω)γµγρτ
∂2
∂kν∂kλ
+ 12(µaνΩ)(λa
ρ
Ω)γνγρτ
∂2
∂kµ∂kλ
+ 6(µνaλΩ)a
ρ
Ωγλγρτ
∂2
∂kµ∂kν
24
−6aµΩ(νλa
ρ
Ω)γργµτ
∂2
∂kν∂kλ
− 12(µaνΩ)(λa
ρ
Ω)γργντ
∂2
∂kµ∂kλ
− 6(µνaλΩ)a
ρ
Ωγργλτ
∂2
∂kµ∂kν
+6i(µν(dλaρΩ − d
ρaλΩ))γλγργ5τ
∂2
∂kµ∂kν
− 3(µννλ)τ
∂2
∂kµ∂kλ
− 3(µνµλ)τ
∂2
∂kν∂kλ
+ 12aµΩ(νλaΩµ)τ
∂2
∂kν∂kλ
+24(µaνΩ)(λaΩν )τ
∂2
∂kµ∂kλ
+ 12(µνaλΩ)aΩλτ
∂2
∂kµ∂kν
− 12(µν)(µν)τΣkΣ
′′
k − 12(µν)(µν)τΣ
′2
k
−6(µν)(µλ)τ
∂2
∂kν∂kλ
+ 8(µµν)aλΩγλγ5τkνΣ
′′
k − 8(µµν)a
λ
Ωγλγ5τΣ
′
k
∂
∂kν
− 24(µµsΩ)τΣ
′
k − 24i(µµp)γ5τΣ
′
k
−48(µνsΩ)τkµkνΣ
′′
k − 48i(µνpΩ)γ5τkµkνΣ
′′
k − 24(µνsΩ)τkµΣ
′
k
∂
∂kν
− 24i(µνpΩ)γ5τkµΣ
′
k
∂
∂kν
−24(µνsΩ)τkνΣ
′
k
∂
∂kµ
− 24i(µνpΩ)γ5τkνΣ
′
k
∂
∂kµ
− 24(µνsΩ)τΣk
∂2
∂kµ∂kν
− 8i(µννλ)γµτkλΣ
′′
k
+8i(µννλ)γµτΣ
′
k
∂
∂kλ
+ 8aµΩ(ννλ)γµγ5τkλΣ
′′
k − 8a
µ
Ω(ννλ)γµγ5τΣ
′
k
∂
∂kλ
+ 8(µννλ)τkµkλΣkΣ
′′′
k
+8(µνµλ)τkνkλΣkΣ
′′′
k + 24(µννλ)τkµkλΣ
′
kΣ
′′
k + 24(µνµλ)τkνkλΣ
′
kΣ
′′
k + 6(µννλ)τkλΣkΣ
′′
k
∂
∂kµ
+6(µνµλ)τkλΣkΣ
′′
k
∂
∂kν
− 12(µµνλ)τkνΣkΣ
′′
k
∂
∂kλ
− 6(µννλ)τkµΣkΣ
′′
k
∂
∂kλ
− 6(µνµλ)τkνΣkΣ
′′
k
∂
∂kλ
+6(µννλ)τkλΣ
′2
k
∂
∂kµ
+ 6(µνµλ)τkλΣ
′2
k
∂
∂kν
− 12(µµνλ)τkνΣ
′2
k
∂
∂kλ
− 6(µννλ)τkµΣ
′2
k
∂
∂kλ
−6(µνµλ)τkνΣ
′2
k
∂
∂kλ
− 24(µν)sΩτkµΣ
′
k
∂
∂kν
+ 24i(µν)pΩγ5τkµΣ
′
k
∂
∂kν
− 6(µνλρ)τkλ
∂3
∂kµ∂kν∂kρ
−6(µννλ)τΣkΣ
′
k
∂2
∂kµ∂kλ
− 6(µνµλ)τΣkΣ
′
k
∂2
∂kν∂kλ
− 12i(µν)(λaΩµ)γ5τ
∂2
∂kν∂kλ
− 16(µννaλΩ)γλγ5τkµΣ
′′
k
−8(µννaλΩ)γλγ5τΣ
′
k
∂
∂kµ
− 16(µνµaλΩ)γλγ5τkνΣ
′′
k − 16(µµνa
λ
Ω)γλγ5τkνΣ
′′
k − 32(µνλa
ρ)γργ5τkµkνkλΣ
′′′
k
−16(µνλaρΩ)γργ5τkνkλΣ
′′
k
∂
∂kµ
− 8(µνµaλΩ)γλγ5τΣ
′
k
∂
∂kν
− 16(µνλaρΩ)γργ5τkµkλΣ
′′
k
∂
∂kν
−8(µνλaρΩ)γργ5τkλΣ
′
k
∂2
∂kµ∂kν
− 8(µµνaλΩ)γλγ5τΣ
′
k
∂
∂kν
− 16(µνλaρΩ)γργ5τkµkνΣ
′′
k
∂
∂kλ
−8(µνλaρ)γργ5τkνΣ
′
k
∂2
∂kµ∂kλ
− 8(µνλaρΩ)γργ5τkµΣ
′
k
∂2
∂kν∂kλ
− 8(µνλaρΩ)γργ5τΣk
∂3
∂kµ∂kν∂kλ
−8i(µνλ)aΩνγ5τ
∂2
∂kµ∂kλ
− 12i(µaνΩ)(νλ)γ5τ
∂2
∂kµ∂kλ
− 8iaµΩ(νµλ)γ5τ
∂2
∂kν∂kλ
− 24sΩ(µν)τkµΣ
′
k
∂
∂kν
−24ipΩ(µν)γ5τkµΣ
′
k
∂
∂kν
− 16(µν)(µλ)τkνkλΣkΣ
′′′
k − 48(µν)(µλ)τkνkλΣ
′
kΣ
′′
k + 12(µν)(µλ)τkνΣkΣ
′′
k
∂
∂kλ
−12(µν)(µλ)τkλΣkΣ
′′
k
∂
∂kν
+ 12(µν)(µλ)τkνΣ
′2
k
∂
∂kλ
− 12(µν)(µλ)τkλΣ
′2
k
∂
∂kν
−12(µν)(µλ)τΣkΣ
′
k
∂2
∂kν∂kλ
− 16(µνλ)aρΩγργ5τkµkνΣ
′′
k
∂
∂kλ
− 24(µν)(λaρΩ)γργ5τkµΣ
′
k
∂2
∂kν∂kλ
−16(µνλ)aρΩγργ5τkνΣ
′
k
∂2
∂kµ∂kλ
− 24(µaνΩ)(µλ)γνγ5τΣ
′
k
∂
∂kλ
− 48(µaνΩ)(λρ)γνγ5τkµkλΣ
′′
k
∂
∂kρ
−24(µaνΩ)(λρ)γνγ5τkλΣ
′
k
∂2
∂kµ∂kρ
− 4i(µνλaΩµ)γ5τ
∂2
∂kν∂kλ
− 4i(µνλaΩν)γ5τ
∂2
∂kµ∂kλ
−4i(µνλaΩλ)γ5τ
∂2
∂kµ∂kν
− 8i(µνλaρΩ)γ5τkρ
∂3
∂kµ∂kν∂kλ
+ 16i(µνλρ)γµτkνkλΣ
′′
k
∂
∂kρ
+16i(µνλρ)γµτkλΣ
′
k
∂2
∂kν∂kρ
− 24i(µν)(λρ)γµτkλΣ
′
k
∂2
∂kν∂kρ
+ 24i(µν)(λρ)γλτkµΣ
′
k
∂2
∂kν∂kρ
−16i(µµνλ)γντkλΣ
′′
k − 8i(µµνλ)γντΣ
′
k
∂
∂kλ
+ 16i(µνµλ)γλτkνΣ
′′
k + 16i(µννλ)γλτkµΣ
′′
k
−32i(µνλρ)γλτkµkνkρΣ
′′′
k − 16i(µνλρ)γλτkµkνΣ
′′
k
∂
∂kρ
+ 8i(µνµλ)γλτΣ
′
k
∂
∂kν
− 16i(µνλρ)γλτkµkρΣ
′′
k
∂
∂kν
25
−8i(µνλρ)γλτkµΣ
′
k
∂2
∂kν∂kρ
+ 8i(µννλ)γλτΣ
′
k
∂
∂kµ
− 16i(µνλρ)γλτkνkρΣ
′′
k
∂
∂kµ
− 8i(µνλρ)γλτkνΣ
′
k
∂2
∂kµ∂kρ
−8i(µνλρ)γλτkρΣ
′
k
∂2
∂kµ∂kν
− 16aµ(νλρ)γµγ5τkνkλΣ
′′
k
∂
∂kρ
− 16aµ(νλρ)γµγ5τkλΣ
′
k
∂2
∂kν∂kρ
−16(µνλρ)τkµkνkλΣkΣ
′′′
k
∂
∂kρ
− 48(µνλρ)τkµkνkλΣ
′
kΣ
′′
k
∂
∂kρ
− 12(µνλρ)τkνkλΣkΣ
′′
k
∂2
∂kµ∂kρ
−12(µνλρ)τkµkλΣkΣ
′′
k
∂2
∂kν∂kρ
− 12(µνλρ)τkνkλΣ
′2
k
∂2
∂kµ∂kρ
− 12(µνλρ)τkµkλΣ
′2
k
∂2
∂kν∂kρ
−12(µνλρ)τkλΣkΣ
′
k
∂3
∂kµ∂kν∂kρ
+ 24i(µν)(µλ)γντΣ
′
k
∂
∂kλ
− 48i(µν)(λρ)γµτkνkλΣ
′′
k
∂
∂kρ
−24(µν)(λρ)τkµkλΣkΣ
′′
k
∂2
∂kν∂kρ
− 24(µν)(λρ)τkµkλΣ
′2
k
∂2
∂kν∂kρ
, (A10)
B5 = 120is(µs)τ
∂
∂kµ
+ 120i(µs)sτ
∂
∂kµ
+ 120ip(µp)τ
∂
∂kµ
+ 120i(µp)pτ
∂
∂kµ
+ 120s(µp)γ5τ
∂
∂kµ
+ 120(µs)pγ5τ
∂
∂kµ
−120p(µs)γ5τ
∂
∂kµ
− 120(µp)sγ5τ
∂
∂kµ
+ 60(µνdsλ)γλτ
∂2
∂kµ∂kν
− 60i(µνdpλ)γλγ5τ
∂2
∂kµ∂kν
+60iaµ(νλs)γµγ5τ
∂2
∂kν∂kλ
+ 120i(µaν)(λs)γνγ5τ
∂2
∂kµ∂kλ
+ 60i(µνaλ)sγλγ5τ
∂2
∂kµ∂kν
+ 60aµ(νλp)γµτ
∂2
∂kν∂kλ
+120(µaν)(λp)γντ
∂2
∂kµ∂kλ
+ 60(µνaλ)pγλτ
∂2
∂kµ∂kν
+ 60is(µνaλ)γλγ5τ
∂2
∂kµ∂kν
+ 120i(µs)(νaλ)γλγ5τ
∂2
∂kµ∂kν
+60i(µνs)aλγλγ5τ
∂2
∂kµ∂kν
+ 60p(µνaλ)γλτ
∂2
∂kµ∂kν
+ 120(µp)(νaλ)γλτ
∂2
∂kµ∂kν
+ 60(µνp)aλγλτ
∂2
∂kµ∂kν
+30i(µν)(µν)aλγλγ5τΣ
′′
k − 40i(µµν)sτkνΣ
′′
k − 40(µµν)pγ5τkνΣ
′′
k + 40i(µµν)sτΣ
′
k
∂
∂kν
+ 40(µµν)pγ5τΣ
′
k
∂
∂kν
+10i(µνλρσ)γργστ
∂3
∂kµ∂kν∂kλ
− 10iaµ(νλρaσ)γµγστ
∂3
∂kν∂kλ∂kρ
− 30i(µaν)(λρaσ)γνγστ
∂3
∂kµ∂kλ∂kρ
−30i(µνaλ)(ρaσ)γλγστ
∂3
∂kµ∂kν∂kρ
− 10i(µνλaρ)aσγργστ
∂3
∂kµ∂kν∂kλ
+ 10iaµ(νλρaσ)γσγµτ
∂3
∂kν∂kλ∂kρ
+30i(µaν)(λρaσ)γσγντ
∂3
∂kµ∂kλ∂kρ
+ 30i(µνaλ)(ρaσ)γσγλτ
∂3
∂kµ∂kν∂kρ
+ 10i(µνλaρ)aσγσγρτ
∂3
∂kµ∂kν∂kλ
+10(µνλ∇a
ρ∇a
σ)γργσγ5τ
∂3
∂kµ∂kν∂kλ
− 20iaµ(νλρaµ)τ
∂3
∂kν∂kλ∂kρ
− 60i(µaν)(λρaν)τ
∂3
∂kµ∂kλ∂kρ
−60i(µνaλ)(ρaλ)τ
∂3
∂kµ∂kν∂kρ
− 20i(µνλaρ)aρτ
∂3
∂kµ∂kν∂kλ
+ 30(µν)(λµν)γλτΣ
′′
k + 30(µνλ)(νλ)γµτΣ
′′
k
+30iaµ(νλ)(νλ)γµγ5τΣ
′′
k − 40is(µµν)τkνΣ
′′
k + 40p(µµν)γ5τkνΣ
′′
k + 40is(µµν)τΣ
′
k
∂
∂kν
− 40p(µµν)γ5τΣ
′
k
∂
∂kν
+20i(µν)(λµρ)τ
∂3
∂kν∂kλ∂kρ
+ 20i(µνλ)(νρ)τ
∂3
∂kµ∂kλ∂kρ
− 20i(µννλ)aργργ5τkµkλΣ
′′′
k − 20i(µνµλ)a
ργργ5τkνkλΣ
′′′
k
−40i(µµν)(λaρ)γργ5τkνΣ
′′
k
∂
∂kλ
− 15i(µννλ)aργργ5τkλΣ
′′
k
∂
∂kµ
− 15i(µνµλ)aργργ5τkλΣ
′′
k
∂
∂kν
+30i(µµνλ)aργργ5τkνΣ
′′
k
∂
∂kλ
+ 15i(µννλ)aργργ5τkµΣ
′′
k
∂
∂kλ
+ 15i(µνµλ)aργργ5τkνΣ
′′
k
∂
∂kλ
+40i(µµν)(λaρ)γργ5τΣ
′
k
∂2
∂kν∂kλ
+ 15i(µννλ)aργργ5τΣ
′
k
∂2
∂kµ∂kλ
+ 15i(µνµλ)aργργ5τΣ
′
k
∂2
∂kν∂kλ
+40i(µaν)(λµλ)γνγ5τΣ
′′
k − 80i(µa
ν)(λλρ)γνγ5τkµkρΣ
′′′
k − 40i(µa
ν)(λλρ)γνγ5τkρΣ
′′
k
∂
∂kµ
+80i(µaν)(λλρ)γνγ5τkµΣ
′′
k
∂
∂kρ
+ 40i(µaν)(λλρ)γνγ5τΣ
′
k
∂2
∂kµ∂kρ
+ 80i(µννs)τkµΣ
′′
k − 80(µννp)γ5τkµΣ
′′
k
+40i(µννs)τΣ′k
∂
∂kµ
− 40(µννp)γ5τΣ
′
k
∂
∂kµ
+ 80i(µνµs)τkνΣ
′′
k − 80(µνµp)γ5τkνΣ
′′
k + 80i(µµνs)τkνΣ
′′
k
−80(µµνp)γ5τkνΣ
′′
k + 160i(µνλs)τkµkνkλΣ
′′′
k − 160(µνλp)γ5τkµkνkλΣ
′′′
k + 80i(µνλs)τkνkλΣ
′′
k
∂
∂kµ
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−80(µνλp)γ5τkνkλΣ
′′
k
∂
∂kµ
+ 40i(µνµs)τΣ′k
∂
∂kν
− 40(µνµp)γ5τΣ
′
k
∂
∂kν
+ 80i(µνλs)τkµkλΣ
′′
k
∂
∂kν
−80(µνλp)γ5τkµkλΣ
′′
k
∂
∂kν
+ 40i(µνλs)τkλΣ
′
k
∂2
∂kµ∂kν
− 40(µνλp)γ5τkλΣ
′
k
∂2
∂kµ∂kν
+ 40i(µµνs)τΣ′k
∂
∂kν
−40(µµνp)γ5τΣ
′
k
∂
∂kν
+ 80i(µνλs)τkµkνΣ
′′
k
∂
∂kλ
− 80(µνλp)γ5τkµkνΣ
′′
k
∂
∂kλ
+ 40i(µνλs)τkνΣ
′
k
∂2
∂kµ∂kλ
−40(µνλp)γ5τkνΣ
′
k
∂2
∂kµ∂kλ
+ 40i(µνλs)τkµΣ
′
k
∂2
∂kν∂kλ
− 40(µνλp)γ5τkµΣ
′
k
∂2
∂kν∂kλ
+40i(µνλs)τΣk
∂3
∂kµ∂kν∂kλ
− 20(µνλλρ)γµτkνkρΣ
′′′
k − 20(µνλνρ)γµτkλkρΣ
′′′
k − 15(µνλλρ)γµτkρΣ
′′
k
∂
∂kν
−15(µνλνρ)γµτkρΣ
′′
k
∂
∂kλ
+ 30(µννλρ)γµτkλΣ
′′
k
∂
∂kρ
+ 15(µνλλρ)γµτkνΣ
′′
k
∂
∂kρ
+ 15(µνλνρ)γµτkλΣ
′′
k
∂
∂kρ
+40(µν)(λλρ)γµτkρΣ
′′
k
∂
∂kν
− 40(µµν)(λρ)γλτkνΣ
′′
k
∂
∂kρ
+ 15(µνλλρ)γµτΣ
′
k
∂2
∂kν∂kρ
+ 15(µνλνρ)γµτΣ
′
k
∂2
∂kλ∂kρ
−40(µν)(λλρ)γµτΣ
′
k
∂2
∂kν∂kρ
+ 40(µµν)(λρ)γλτΣ
′
k
∂2
∂kν∂kρ
− 20iaµ(νλλρ)γµγ5τkνkρΣ
′′′
k
−20iaµ(νλνρ)γµγ5τkλkρΣ
′′′
k − 15ia
µ(νλλρ)γµγ5τkρΣ
′′
k
∂
∂kν
− 15iaµ(νλνρ)γµγ5τkρΣ
′′
k
∂
∂kλ
+30iaµ(ννλρ)γµγ5τkλΣ
′′
k
∂
∂kρ
+ 15iaµ(νλλρ)γµγ5τkνΣ
′′
k
∂
∂kρ
+ 15iaµ(νλνρ)γµγ5τkλΣ
′′
k
∂
∂kρ
+15iaµ(νλλρ)γµγ5τΣ
′
k
∂2
∂kν∂kρ
+ 15iaµ(νλνρ)γµγ5τΣ
′
k
∂2
∂kλ∂kρ
+ 40i(µν)(µλ)aργργ5τkνkλΣ
′′′
k
−30i(µν)(µλ)aργργ5τkνΣ
′′
k
∂
∂kλ
+ 30i(µν)(µλ)aργργ5τkλΣ
′′
k
∂
∂kν
+ 30i(µν)(µλ)aργργ5τΣ
′
k
∂2
∂kν∂kλ
+80i(µνλ)sτkµkνΣ
′′
k
∂
∂kλ
+ 80(µνλ)pγ5τkµkνΣ
′′
k
∂
∂kλ
+ 120i(µν)(λs)τkµΣ
′
k
∂2
∂kν∂kλ
+120(µν)(λp)γ5τkµΣ
′
k
∂2
∂kν∂kλ
+ 80i(µνλ)sτkνΣ
′
k
∂2
∂kµ∂kλ
+ 80(µνλ)pγ5τkνΣ
′
k
∂2
∂kµ∂kλ
+120i(µs)(µν)τΣ′k
∂
∂kν
− 120(µp)(µν)γ5τΣ
′
k
∂
∂kν
+ 240i(µs)(νλ)τkµkνΣ
′′
k
∂
∂kλ
−240(µp)(νλ)γ5τkµkνΣ
′′
k
∂
∂kλ
+ 120i(µs)(νλ)τkνΣ
′
k
∂2
∂kµ∂kλ
− 120(µp)(νλ)γ5τkνΣ
′
k
∂2
∂kµ∂kλ
−30(µν)(λρaµ)γ5τ
∂3
∂kν∂kλ∂kρ
− 40(µνλ)(ρaν)γ5τ
∂3
∂kµ∂kλ∂kρ
+ 20i(µµννaλ)γλγ5τΣ
′′
k
+40i(µνλλaρ)γργ5τkµkνΣ
′′′
k + 20i(µνλλa
ρ)γργ5τkνΣ
′′
k
∂
∂kµ
+ 20i(µνλλaρ)γργ5τkµΣ
′′
k
∂
∂kν
+10i(µνλλaρ)γργ5τΣ
′
k
∂2
∂kµ∂kν
+ 20i(µννµaλ)γλγ5τΣ
′′
k + 40i(µννλa
ρ)γργ5τkµkλΣ
′′′
k
+20i(µννλaρ)γργ5τkλΣ
′′
k
∂
∂kµ
+ 20i(µνµνaλ)γλγ5τΣ
′′
k + 40i(µνλνa
ρ)γργ5τkµkλΣ
′′′
k
+20i(µνλνaρ)γργ5τkλΣ
′′
k
∂
∂kµ
+ 40i(µνµλaρ)γργ5τkνkλΣ
′′′
k + 40i(µνλµa
ρ)γργ5τkνkλΣ
′′′
k
+40i(µµνλaρ)γργ5τkνkλΣ
′′′
k + 80i(µνλρa
σ)γσγ5τkµkνkλkρΣ
′′′′
k + 40i(µνλρa
σ)γσγ5τkνkλkρΣ
′′′
k
∂
∂kµ
+20i(µνµλaρ)γργ5τkλΣ
′′
k
∂
∂kν
+ 20i(µνλµaρ)γργ5τkλΣ
′′
k
∂
∂kν
+ 40i(µνλρaσ)γσγ5τkµkλkρΣ
′′′
k
∂
∂kν
+20i(µνλρaσ)γσγ5τkλkρΣ
′′
k
∂2
∂kµ∂kν
+ 20i(µννλaρ)γργ5τkµΣ
′′
k
∂
∂kλ
+ 10i(µννλaρ)γργ5τΣ
′
k
∂2
∂kµ∂kλ
+20i(µνµλaρ)γργ5τkνΣ
′′
k
∂
∂kλ
+ 20i(µµνλaρ)γργ5τkνΣ
′′
k
∂
∂kλ
+ 40i(µνλρaσ)γσγ5τkµkνkλΣ
′′′
k
∂
∂kρ
+20i(µνλρaσ)γσγ5τkνkλΣ
′′
k
∂2
∂kµ∂kρ
+ 10i(µνµλaρ)γργ5τΣ
′
k
∂2
∂kν∂kλ
+ 20i(µνλρaσ)γσγ5τkµkλΣ
′′
k
∂2
∂kν∂kρ
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+10i(µνλρaσ)γσγ5τkλΣ
′
k
∂3
∂kµ∂kν∂kρ
+ 20i(µνλνaρ)γργ5τkµΣ
′′
k
∂
∂kλ
+ 10i(µνλνaρ)γργ5τΣ
′
k
∂2
∂kµ∂kλ
+20i(µνλµaρ)γργ5τkνΣ
′′
k
∂
∂kλ
+ 20i(µµνλaρ)γργ5τkλΣ
′′
k
∂
∂kν
+ 40i(µνλρaσ)γσγ5τkµkνkρΣ
′′′
k
∂
∂kλ
+20i(µνλρaσ)γσγ5τkνkρΣ
′′
k
∂2
∂kµ∂kλ
+ 10i(µνλµaρ)γργ5τΣ
′
k
∂2
∂kν∂kλ
+ 20i(µνλρaσ)γσγ5τkµkρΣ
′′
k
∂2
∂kν∂kλ
+10i(µνλρaσ)γσγ5τkρΣ
′
k
∂3
∂kµ∂kν∂kλ
+ 10i(µµνλaρ)γργ5τΣ
′
k
∂2
∂kν∂kλ
+ 20i(µνλρaσ)γσγ5τkµkνΣ
′′
k
∂2
∂kλ∂kρ
+10i(µνλρaσ)γσγ5τkνΣ
′
k
∂3
∂kµ∂kλ∂kρ
+ 10i(µνλρaσ)γσγ5τkµΣ
′
k
∂3
∂kν∂kλ∂kρ
+ 10i(µνλρaσ)γσγ5τΣk
∂4
∂kµ∂kν∂kλ∂kρ
−15(µνλρ)aλγ5τ
∂3
∂kµ∂kν∂kρ
− 40(µaν)(λνρ)γ5τ
∂3
∂kµ∂kλ∂kρ
− 30(µνaλ)(λρ)γ5τ
∂3
∂kµ∂kν∂kρ
−15aµ(νλµρ)γ5τ
∂3
∂kν∂kλ∂kρ
+ 40(µν)(λµρ)γλτkνkρΣ
′′′
k + 40(µνλ)(νρ)γµτkλkρΣ
′′′
k − 30(µν)(λµρ)γλτkνΣ
′′
k
∂
∂kρ
−30(µνλ)(νρ)γµτkλΣ
′′
k
∂
∂kρ
+ 30(µν)(λµρ)γλτkρΣ
′′
k
∂
∂kν
+ 30(µνλ)(νρ)γµτkρΣ
′′
k
∂
∂kλ
+30(µν)(λµρ)γλτΣ
′
k
∂2
∂kν∂kρ
+ 30(µνλ)(νρ)γµτΣ
′
k
∂2
∂kλ∂kρ
+ 40(µν)(λµλ)γντΣ
′′
k + 80(µν)(λλρ)γµτkνkρΣ
′′′
k
−80(µν)(λλρ)γµτkνΣ
′′
k
∂
∂kρ
+ 40iaµ(νλ)(νρ)γµγ5τkλkρΣ
′′′
k − 30ia
µ(νλ)(νρ)γµγ5τkλΣ
′′
k
∂
∂kρ
+30iaµ(νλ)(νρ)γµγ5τkρΣ
′′
k
∂
∂kλ
+ 30iaµ(νλ)(νρ)γµγ5τΣ
′
k
∂2
∂kλ∂kρ
+ 80is(µνλ)τkµkνΣ
′′
k
∂
∂kλ
−80p(µνλ)γ5τkµkνΣ
′′
k
∂
∂kλ
+ 80is(µνλ)τkνΣ
′
k
∂2
∂kµ∂kλ
− 80p(µνλ)γ5τkνΣ
′
k
∂2
∂kµ∂kλ
+40i(µνλρ)aσγσγ5τkµkνkλΣ
′′′
k
∂
∂kρ
+ 80i(µνλ)(ρaσ)γσγ5τkµkνΣ
′′
k
∂2
∂kλ∂kρ
+ 30i(µνλρ)aσγσγ5τkνkλΣ
′′
k
∂2
∂kµ∂kρ
+30i(µνλρ)aσγσγ5τkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 60i(µν)(λρaσ)γσγ5τkµΣ
′
k
∂3
∂kν∂kλ∂kρ
+80i(µνλ)(ρaσ)γσγ5τkνΣ
′
k
∂3
∂kµ∂kλ∂kρ
+ 30i(µνλρ)aσγσγ5τkλΣ
′
k
∂3
∂kµ∂kν∂kρ
+80i(µaν)(µλρ)γνγ5τkλΣ
′′
k
∂
∂kρ
+ 80i(µaν)(λµρ)γνγ5τkλΣ
′′
k
∂
∂kρ
+ 160i(µaν)(λρσ)γνγ5τkµkλkρΣ
′′′
k
∂
∂kσ
+80i(µaν)(λρσ)γνγ5τkλkρΣ
′′
k
∂2
∂kµ∂kσ
+ 80i(µaν)(λµρ)γνγ5τΣ
′
k
∂2
∂kλ∂kρ
+ 160i(µaν)(λρσ)γνγ5τkµkρΣ
′′
k
∂2
∂kλ∂kσ
+80i(µaν)(λρσ)γνγ5τkρΣ
′
k
∂3
∂kµ∂kλ∂kσ
+ 120i(µνaλ)(µρ)γλγ5τkνΣ
′′
k
∂
∂kρ
+ 60i(µνaλ)(µρ)γλγ5τΣ
′
k
∂2
∂kν∂kρ
+120i(µνaλ)(νρ)γλγ5τkµΣ
′′
k
∂
∂kρ
+ 120i(µµaν)(λρ)γνγ5τkλΣ
′′
k
∂
∂kρ
+ 240i(µνaλ)(ρσ)γλγ5τkµkνkρΣ
′′′
k
∂
∂kσ
+120i(µνaλ)(ρσ)γλγ5τkµkρΣ
′′
k
∂2
∂kν∂kσ
+ 60i(µνaλ)(νρ)γλγ5τΣ
′
k
∂2
∂kµ∂kρ
+120i(µνaλ)(ρσ)γλγ5τkνkρΣ
′′
k
∂2
∂kµ∂kσ
+ 60i(µνaλ)(ρσ)γλγ5τkρΣ
′
k
∂3
∂kµ∂kν∂kσ
−5(µνλρaν)γ5τ
∂3
∂kµ∂kλ∂kρ
− 5(µνλρaλ)γ5τ
∂3
∂kµ∂kν∂kρ
− 5(µνλρaρ)γ5τ
∂3
∂kµ∂kν∂kλ
− 5(µνλρaµ)γ5τ
∂3
∂kν∂kλ∂kρ
−10(µνλρaσ)γ5τkσ
∂4
∂kµ∂kν∂kλ∂kρ
+ 40(µνλρσ)γµτkνkλkρΣ
′′′
k
∂
∂kσ
+ 30(µνλρσ)γµτkλkρΣ
′′
k
∂2
∂kν∂kσ
+30(µνλρσ)γµτkνkρΣ
′′
k
∂2
∂kλ∂kσ
− 80(µν)(λρσ)γµτkλkρΣ
′′
k
∂2
∂kν∂kσ
+ 80(µνλ)(ρσ)γρτkµkνΣ
′′
k
∂2
∂kλ∂kσ
+30(µνλρσ)γµτkρΣ
′
k
∂3
∂kν∂kλ∂kσ
− 80(µν)(λρσ)γµτkρΣ
′
k
∂3
∂kν∂kλ∂kσ
+ 80(µνλ)(ρσ)γρτkνΣ
′
k
∂3
∂kµ∂kλ∂kσ
+60(µν)(λρσ)γρτkµΣ
′
k
∂3
∂kν∂kλ∂kσ
− 60(µνλ)(ρσ)γντkρΣ
′
k
∂3
∂kµ∂kλ∂kσ
+ 40iaµ(νλρσ)γµγ5τkνkλkρΣ
′′′
k
∂
∂kσ
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+30iaµ(νλρσ)γµγ5τkλkρΣ
′′
k
∂2
∂kν∂kσ
+ 30iaµ(νλρσ)γµγ5τkνkρΣ
′′
k
∂2
∂kλ∂kσ
+ 30iaµ(νλρσ)γµγ5τkρΣ
′
k
∂3
∂kν∂kλ∂kσ
+60i(µν)(λρ)aσγσγ5τkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 60(µν)(λρσ)γλτkµkρΣ
′′
k
∂2
∂kν∂kσ
+ 60(µνλ)(ρσ)γµτkνkρΣ
′′
k
∂2
∂kλ∂kσ
+80(µν)(µλρ)γντkλΣ
′′
k
∂
∂kρ
+ 80(µν)(λµρ)γντkλΣ
′′
k
∂
∂kρ
− 160(µν)(λρσ)γµτkνkλkρΣ
′′′
k
∂
∂kσ
+80(µν)(λµρ)γντΣ
′
k
∂2
∂kλ∂kρ
− 160(µν)(λρσ)γµτkνkρΣ
′′
k
∂2
∂kλ∂kσ
− 120(µνλ)(µρ)γντkλΣ
′′
k
∂
∂kρ
−60(µνλ)(µρ)γντΣ
′
k
∂2
∂kλ∂kρ
+ 120(µνλ)(νρ)γλτkµΣ
′′
k
∂
∂kρ
+ 120(µµν)(λρ)γντkλΣ
′′
k
∂
∂kρ
−240(µνλ)(ρσ)γντkµkλkρΣ
′′′
k
∂
∂kσ
− 120(µνλ)(ρσ)γντkµkρΣ
′′
k
∂2
∂kλ∂kσ
+ 60(µνλ)(νρ)γλτΣ
′
k
∂2
∂kµ∂kρ
−120(µνλ)(ρσ)γντkλkρΣ
′′
k
∂2
∂kµ∂kσ
+ 60iaµ(νλ)(ρσ)γµγ5τkνkρΣ
′′
k
∂2
∂kλ∂kσ
, (A11)
B6 = 240(µs)(νµν)τΣ
′′
k − 160(µµν)(λνλ)τΣkΣ
′′′
k − 240(µν)(µλνλ)τΣkΣ
′′′
k − 240(µν)(λµνλ)τΣkΣ
′′′
k
+240(µν)(λλµν)τΣkΣ
′′′
k +
640
3
(µνλ)(µνλ)τΣkΣ
′′′
k +
640
3
(µνλ)(νµλ)τΣkΣ
′′′
k − 480(µµν)(λνλ)τΣ
′
kΣ
′′
k
−720(µν)(µλνλ)τΣ′kΣ
′′
k − 720(µν)(λµνλ)τΣ
′
kΣ
′′
k + 720(µν)(λλµν)τΣ
′
kΣ
′′
k + 640(µνλ)(µνλ)τΣ
′
kΣ
′′
k
+640(µνλ)(νµλ)τΣ′kΣ
′′
k + 360(µν)(µν)sτΣ
′′
k + 240i(µp)(νµν)γ5τΣ
′′
k − 480(µs)(ννλ)τkµkλΣ
′′′
k
−480(µs)(ννλ)τkλΣ
′′
k
∂
∂kµ
+ 480(µs)(ννλ)τkµΣ
′′
k
∂
∂kλ
+ 480(µs)(µνλ)τkνΣ
′′
k
∂
∂kλ
+ 480(µs)(νµλ)τkνΣ
′′
k
∂
∂kλ
+720(µν)(µλs)τkλΣ
′′
k
∂
∂kν
+ 720(µν)(λµs)τkλΣ
′′
k
∂
∂kν
+ 720(µν)(λλs)τkµΣ
′′
k
∂
∂kν
+ 480(µs)(ννλ)τΣ′k
∂2
∂kµ∂kλ
+480(µs)(νµλ)τΣ′k
∂2
∂kν∂kλ
+ 360(µν)(µλs)τΣ′k
∂2
∂kν∂kλ
+ 360(µν)(λµs)τΣ′k
∂2
∂kν∂kλ
− 180i(µν)(µν)pγ5τΣ
′′
k
+180i(µν)(µν)γ5pτΣ
′′
k + 120i(µν)(µλλρ)γντkρΣ
′′′
k − 120i(µν)(λρµρ)γντkλΣ
′′′
k + 120i(µν)(λµλρ)γντkρΣ
′′′
k
−120i(µν)(λρµλ)γντkρΣ
′′′
k + 240i(µνλ)(ρµρ)γντkλΣ
′′′
k − 240i(µνλ)(ρνρ)γλτkµΣ
′′′
k + 240i(µµν)(λλρ)γντkρΣ
′′′
k
−90i(µν)(λρµρ)γντΣ
′′
k
∂
∂kλ
− 90i(µν)(λρµλ)γντΣ
′′
k
∂
∂kρ
− 180i(µν)(λλµρ)γντΣ
′′
k
∂
∂kρ
− 90i(µν)(µλλρ)γντΣ
′′
k
∂
∂kρ
−90i(µν)(λµλρ)γντΣ
′′
k
∂
∂kρ
+ 120i(µνλ)(ρµρ)γντΣ
′′
k
∂
∂kλ
− 120i(µνλ)(ρνρ)γλτΣ
′′
k
∂
∂kµ
−240i(µµν)(λλρ)γντΣ
′′
k
∂
∂kρ
− 240i(µνλ)(µνρ)γλτΣ
′′
k
∂
∂kρ
− 240i(µνλ)(νµρ)γλτΣ
′′
k
∂
∂kρ
−240i(µννλ)(µρ)γλτΣ
′′
k
∂
∂kρ
− 240i(µνµλ)(νρ)γλτΣ
′′
k
∂
∂kρ
− 240i(µµνλ)(νρ)γλτΣ
′′
k
∂
∂kρ
−240(µννλ)sτkµkλΣ
′′′
k − 240(µνµλ)sτkνkλΣ
′′′
k − 180(µννλ)sτkλΣ
′′
k
∂
∂kµ
− 180(µνµλ)sτkλΣ
′′
k
∂
∂kν
+360(µµνλ)sτkνΣ
′′
k
∂
∂kλ
+ 180(µννλ)sτkµΣ
′′
k
∂
∂kλ
+ 180(µνµλ)sτkνΣ
′′
k
∂
∂kλ
+ 180(µννλ)sτΣ′k
∂2
∂kµ∂kλ
+180(µνµλ)sτΣ′k
∂2
∂kν∂kλ
+ 360i(µν)(λρ)(λρ)γµτkνΣ
′′′
k + 240i(µν)(µλ)(λρ)γντkρΣ
′′′
k
+240i(µν)(λρ)(µλ)γντkρΣ
′′′
k − 180i(µν)(µν)(λρ)γλτΣ
′′
k
∂
∂kρ
+ 180i(µν)(λρ)(λρ)γµτΣ
′′
k
∂
∂kν
−180i(µν)(µλ)(λρ)γντΣ
′′
k
∂
∂kρ
+ 180i(µν)(λρ)(µλ)γντΣ
′′
k
∂
∂kρ
+ 300(µν)(λρµρ)τkνkλΣkΣ
′′′′
k
+300(µν)(λρµλ)τkνkρΣkΣ
′′′′
k + 60(µν)(µλλρ)τkνkρΣkΣ
′′′′
k + 60(µν)(λµλρ)τkνkρΣkΣ
′′′′
k
−480(µµν)(λνρ)τkλkρΣkΣ
′′′′
k + 80(µµν)(λλρ)τkνkρΣkΣ
′′′′
k + 360(µν)(λρµν)τkλkρΣkΣ
′′′′
k
+360(µν)(λλµρ)τkνkρΣkΣ
′′′′
k − 360(µν)(λµνρ)τkλkρΣkΣ
′′′′
k − 360(µν)(µλνρ)τkλkρΣkΣ
′′′′
k
+320(µνλ)(ρνλ)τkµkρΣkΣ
′′′′
k − 640(µνλ)(νλρ)τkµkρΣkΣ
′′′′
k + 320(µνλ)(µνρ)τkλkρΣkΣ
′′′′
k
+240(µν)(µλλρ)τkνkρΣ
′
kΣ
′′′
k + 1200(µν)(λρµρ)τkνkλΣ
′
kΣ
′′′
k + 240(µν)(λµλρ)τkνkρΣ
′
kΣ
′′′
k
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+1200(µν)(λρµλ)τkνkρΣ
′
kΣ
′′′
k − 1920(µµν)(λνρ)τkλkρΣ
′
kΣ
′′′
k + 320(µµν)(λλρ)τkνkρΣ
′
kΣ
′′′
k
+1440(µν)(λλµρ)τkνkρΣ
′
kΣ
′′′
k + 1440(µν)(λρµν)τkλkρΣ
′
kΣ
′′′
k − 1440(µν)(λµνρ)τkλkρΣ
′
kΣ
′′′
k
−1440(µν)(µλνρ)τkλkρΣ
′
kΣ
′′′
k + 1280(µνλ)(ρνλ)τkµkρΣ
′
kΣ
′′′
k − 2560(µνλ)(νλρ)τkµkρΣ
′
kΣ
′′′
k
+1280(µνλ)(µνρ)τkλkρΣ
′
kΣ
′′′
k + 240(µµν)(λλρ)τkνkρΣ
′′2
k − 1440(µµν)(λνρ)τkλkρΣ
′′2
k
+180(µν)(µλλρ)τkνkρΣ
′′2
k + 180(µν)(λµλρ)τkνkρΣ
′′2
k + 900(µν)(λρµρ)τkνkλΣ
′′2
k + 900(µν)(λρµλ)τkνkρΣ
′′2
k
+1080(µν)(λρµν)τkλkρΣ
′′2
k + 1080(µν)(λλµρ)τkνkρΣ
′′2
k − 1080(µν)(λµνρ)τkλkρΣ
′′2
k
−1080(µν)(µλνρ)τkλkρΣ
′′2
k + 960(µνλ)(ρνλ)τkµkρΣ
′′2
k − 1920(µνλ)(νλρ)τkµkρΣ
′′2
k + 960(µνλ)(µνρ)τkλkρΣ
′′2
k
−160(µµν)(λλρ)τkνΣkΣ
′′′
k
∂
∂kρ
+ 180(µν)(λρµρ)τkνΣkΣ
′′′
k
∂
∂kλ
+ 180(µν)(λρµλ)τkνΣkΣ
′′′
k
∂
∂kρ
+120(µν)(λλµρ)τkνΣkΣ
′′′
k
∂
∂kρ
− 60(µν)(µλλρ)τkνΣkΣ
′′′
k
∂
∂kρ
− 60(µν)(λµλρ)τkνΣkΣ
′′′
k
∂
∂kρ
−120(µν)(µλλρ)τkρΣkΣ
′′′
k
∂
∂kν
− 120(µν)(λµλρ)τkρΣkΣ
′′′
k
∂
∂kν
+ 120(µν)(λρµρ)τkλΣkΣ
′′′
k
∂
∂kν
+120(µν)(λρµλ)τkρΣkΣ
′′′
k
∂
∂kν
+ 240(µν)(λρµν)τkρΣkΣ
′′′
k
∂
∂kλ
+ 240(µν)(λρµν)τkλΣkΣ
′′′
k
∂
∂kρ
−240(µν)(λµνρ)τkρΣkΣ
′′′
k
∂
∂kλ
− 240(µν)(λµνρ)τkλΣkΣ
′′′
k
∂
∂kρ
− 240(µν)(µλνρ)τkρΣkΣ
′′′
k
∂
∂kλ
−240(µν)(µλνρ)τkλΣkΣ
′′′
k
∂
∂kρ
− 320(µµν)(λνρ)τkρΣkΣ
′′′
k
∂
∂kλ
− 320(µµν)(λνρ)τkλΣkΣ
′′′
k
∂
∂kρ
+
1280
3
(µνλ)(ρνλ)τkµΣkΣ
′′′
k
∂
∂kρ
−
1280
3
(µνλ)(νλρ)τkµΣkΣ
′′′
k
∂
∂kρ
−
1280
3
(µνλ)(νλρ)τkρΣkΣ
′′′
k
∂
∂kµ
+
640
3
(µνλ)(µνρ)τkλΣkΣ
′′′
k
∂
∂kρ
−
640
3
(µνλ)(νµρ)τkλΣkΣ
′′′
k
∂
∂kρ
+ 540(µν)(λρµρ)τkνΣ
′
kΣ
′′
k
∂
∂kλ
+540(µν)(λρµλ)τkνΣ
′
kΣ
′′
k
∂
∂kρ
+ 360(µν)(λλµρ)τkνΣ
′
kΣ
′′
k
∂
∂kρ
− 180(µν)(µλλρ)τkνΣ
′
kΣ
′′
k
∂
∂kρ
−180(µν)(λµλρ)τkνΣ
′
kΣ
′′
k
∂
∂kρ
− 480(µµν)(λλρ)τkνΣ
′
kΣ
′′
k
∂
∂kρ
− 960(µµν)(λνρ)τkρΣ
′
kΣ
′′
k
∂
∂kλ
−640(µνλ)(νµρ)τkλΣ
′
kΣ
′′
k
∂
∂kρ
+ 640(µνλ)(µνρ)τkλΣ
′
kΣ
′′
k
∂
∂kρ
− 960(µµν)(λνρ)τkλΣ
′
kΣ
′′
k
∂
∂kρ
−360(µν)(µλλρ)τkρΣ
′
kΣ
′′
k
∂
∂kν
− 360(µν)(λµλρ)τkρΣ
′
kΣ
′′
k
∂
∂kν
+ 360(µν)(λρµρ)τkλΣ
′
kΣ
′′
k
∂
∂kν
+360(µν)(λρµλ)τkρΣ
′
kΣ
′′
k
∂
∂kν
+ 720(µν)(λρµν)τkρΣ
′
kΣ
′′
k
∂
∂kλ
+ 720(µν)(λρµν)τkλΣ
′
kΣ
′′
k
∂
∂kρ
−720(µν)(λµνρ)τkρΣ
′
kΣ
′′
k
∂
∂kλ
− 720(µν)(λµνρ)τkλΣ
′
kΣ
′′
k
∂
∂kρ
− 720(µν)(µλνρ)τkρΣ
′
kΣ
′′
k
∂
∂kλ
−720(µν)(µλνρ)τkλΣ
′
kΣ
′′
k
∂
∂kρ
+ 1280(µνλ)(ρνλ)τkµΣ
′
kΣ
′′
k
∂
∂kρ
− 1280(µνλ)(νλρ)τkρΣ
′
kΣ
′′
k
∂
∂kµ
−1280(µνλ)(νλρ)τkµΣ
′
kΣ
′′
k
∂
∂kρ
+ 90(µν)(µλλρ)τΣkΣ
′′
k
∂2
∂kν∂kρ
+ 90(µν)(λµλρ)τΣkΣ
′′
k
∂2
∂kν∂kρ
+80(µµν)(λλρ)τΣkΣ
′′
k
∂2
∂kν∂kρ
+ 90(µν)(λρµρ)τΣkΣ
′′
k
∂2
∂kν∂kλ
+ 90(µν)(λρµλ)τΣkΣ
′′
k
∂2
∂kν∂kρ
+180(µν)(λρµν)τΣkΣ
′′
k
∂2
∂kλ∂kρ
+ 180(µν)(λλµρ)τΣkΣ
′′
k
∂2
∂kν∂kρ
− 180(µν)(λµνρ)τΣkΣ
′′
k
∂2
∂kλ∂kρ
−180(µν)(µλνρ)τΣkΣ
′′
k
∂2
∂kλ∂kρ
− 160(µµν)(λνρ)τΣkΣ
′′
k
∂2
∂kλ∂kρ
+ 160(µνλ)(ρνλ)τΣkΣ
′′
k
∂2
∂kµ∂kρ
−320(µνλ)(νλρ)τΣkΣ
′′
k
∂2
∂kµ∂kρ
+ 160(µνλ)(µνρ)τΣkΣ
′′
k
∂2
∂kλ∂kρ
− 160(µµν)(λνρ)τΣ′2k
∂2
∂kλ∂kρ
+80(µµν)(λλρ)τΣ′2k
∂2
∂kν∂kρ
+ 90(µν)(λρµρ)τΣ′2k
∂2
∂kν∂kλ
+ 90(µν)(µλλρ)τΣ′2k
∂2
∂kν∂kρ
+90(µν)(λρµλ)τΣ′2k
∂2
∂kν∂kρ
+ 90(µν)(λµλρ)τΣ′2k
∂2
∂kν∂kρ
+ 180(µν)(λρµν)τΣ′2k
∂2
∂kλ∂kρ
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+180(µν)(λλµρ)τΣ′2k
∂2
∂kν∂kρ
− 180(µν)(λµνρ)τΣ′2k
∂2
∂kλ∂kρ
− 180(µν)(µλνρ)τΣ′2k
∂2
∂kλ∂kρ
+160(µνλ)(ρνλ)τΣ′2k
∂2
∂kµ∂kρ
− 320(µνλ)(νλρ)τΣ′2k
∂2
∂kµ∂kρ
+ 160(µνλ)(µνρ)τΣ′2k
∂2
∂kλ∂kρ
+90(µν)(λρµσ)τ
∂4
∂kν∂kλ∂kρ∂kσ
+ 80(µνλ)(ρνσ)τ
∂4
∂kµ∂kλ∂kρ∂kσ
+ 480(µν)(µλ)sτkνkλΣ
′′′
k
−360(µν)(µλ)sτkνΣ
′′
k
∂
∂kλ
+ 360(µν)(µλ)sτkλΣ
′′
k
∂
∂kν
+ 360(µν)(µλ)sτΣ′k
∂2
∂kν∂kλ
−480i(µp)(ννλ)γ5τkµkλΣ
′′′
k + 240i(µµν)(λp)γ5τkνΣ
′′
k
∂
∂kλ
− 240i(µp)(ννλ)γ5τkλΣ
′′
k
∂
∂kµ
+480i(µp)(ννλ)γ5τkµΣ
′′
k
∂
∂kλ
+ 480i(µp)(µνλ)γ5τkνΣ
′′
k
∂
∂kλ
+ 480i(µp)(νµλ)γ5τkνΣ
′′
k
∂
∂kλ
+720i(µνp)(µλ)γ5τkνΣ
′′
k
∂
∂kλ
+ 720i(µνp)(νλ)γ5τkµΣ
′′
k
∂
∂kλ
+ 720i(µµp)(νλ)γ5τkνΣ
′′
k
∂
∂kλ
−240i(µµν)(λp)γ5τΣ
′
k
∂2
∂kν∂kλ
+ 240i(µp)(ννλ)γ5τΣ
′
k
∂2
∂kµ∂kλ
+ 480i(µp)(νµλ)γ5τΣ
′
k
∂2
∂kν∂kλ
+360i(µνp)(µλ)γ5τΣ
′
k
∂2
∂kν∂kλ
+ 360i(µνp)(νλ)γ5τΣ
′
k
∂2
∂kµ∂kλ
− 120(µaν)(µλλρ)γνγ5τkρΣ
′′′
k
+120(µaν)(λρµρ)γνγ5τkλΣ
′′′
k − 120(µa
ν)(λµλρ)γνγ5τkρΣ
′′′
k + 120(µa
ν)(λρµλ)γνγ5τkρΣ
′′′
k
+240(µνaλ)(ρµρ)γλγ5τkνΣ
′′′
k + 240(µνa
λ)(ρνρ)γλγ5τkµΣ
′′′
k − 240(µµa
ν)(λλρ)γνγ5τkρΣ
′′′
k
+90(µaν)(λρµρ)γνγ5τΣ
′′
k
∂
∂kλ
+ 90(µaν)(λρµλ)γνγ5τΣ
′′
k
∂
∂kρ
+ 180(µaν)(λλµρ)γνγ5τΣ
′′
k
∂
∂kρ
+90(µaν)(µλλρ)γνγ5τΣ
′′
k
∂
∂kρ
+ 90(µaν)(λµλρ)γνγ5τΣ
′′
k
∂
∂kρ
+ 120(µνaλ)(ρµρ)γλγ5τΣ
′′
k
∂
∂kν
+120(µνaλ)(ρνρ)γλγ5τΣ
′′
k
∂
∂kµ
+ 240(µµaν)(λλρ)γνγ5τΣ
′′
k
∂
∂kρ
+ 240(µνaλ)(µνρ)γλγ5τΣ
′′
k
∂
∂kρ
+240(µνaλ)(νµρ)γλγ5τΣ
′′
k
∂
∂kρ
+ 240(µµνaλ)(νρ)γλγ5τΣ
′′
k
∂
∂kρ
+ 240(µνµaλ)(νρ)γλγ5τΣ
′′
k
∂
∂kρ
+240(µννaλ)(µρ)γλγ5τΣ
′′
k
∂
∂kρ
+ 120i(µννλ)pγ5τkµkλΣ
′′′
k + 120i(µνµλ)pγ5τkνkλΣ
′′′
k
+90i(µννλ)pγ5τkλΣ
′′
k
∂
∂kµ
+ 90i(µνµλ)pγ5τkλΣ
′′
k
∂
∂kν
− 180i(µµνλ)pγ5τkνΣ
′′
k
∂
∂kλ
−90i(µννλ)pγ5τkµΣ
′′
k
∂
∂kλ
− 90i(µνµλ)pγ5τkνΣ
′′
k
∂
∂kλ
− 90i(µννλ)pγ5τΣ
′
k
∂2
∂kµ∂kλ
−90i(µνµλ)pγ5τΣ
′
k
∂2
∂kν∂kλ
− 120i(µννλ)γ5pτkµkλΣ
′′′
k − 120i(µνµλ)γ5pτkνkλΣ
′′′
k
−90i(µννλ)γ5pτkλΣ
′′
k
∂
∂kµ
− 90i(µνµλ)γ5pτkλΣ
′′
k
∂
∂kν
+ 180i(µµνλ)γ5pτkνΣ
′′
k
∂
∂kλ
+90i(µννλ)γ5pτkµΣ
′′
k
∂
∂kλ
+ 90i(µνµλ)γ5pτkνΣ
′′
k
∂
∂kλ
+ 90i(µννλ)γ5pτΣ
′
k
∂2
∂kµ∂kλ
+90i(µνµλ)γ5pτΣ
′
k
∂2
∂kν∂kλ
+ 360(µν)(µν)(λρ)τkλΣkΣ
′′′
k
∂
∂kρ
+ 360(µν)(µλ)(νρ)τkλΣkΣ
′′′
k
∂
∂kρ
−120(µν)(µλ)(νρ)τkρΣkΣ
′′′
k
∂
∂kλ
+ 1080(µν)(µν)(λρ)τkλΣ
′
kΣ
′′
k
∂
∂kρ
+ 1080(µν)(µλ)(νρ)τkλΣ
′
kΣ
′′
k
∂
∂kρ
−360(µν)(µλ)(νρ)τkρΣ
′
kΣ
′′
k
∂
∂kλ
+ 360(µaν)(λρ)(λρ)γνγ5τkµΣ
′′′
k − 240(µa
ν)(µλ)(λρ)γνγ5τkρΣ
′′′
k
−240(µaν)(λρ)(µλ)γνγ5τkρΣ
′′′
k + 180(µν)(µν)(λa
ρ)γργ5τΣ
′′
k
∂
∂kλ
+ 180(µaν)(λρ)(λρ)γνγ5τΣ
′′
k
∂
∂kµ
+180(µaν)(µλ)(λρ)γνγ5τΣ
′′
k
∂
∂kρ
− 180(µaν)(λρ)(µλ)γνγ5τΣ
′′
k
∂
∂kρ
+ 960(µs)(νλρ)τkµkνkλΣ
′′′
k
∂
∂kρ
+1440(µν)(λρs)τkµkλkρΣ
′′′
k
∂
∂kν
+ 960(µs)(νλρ)τkνkλΣ
′′
k
∂2
∂kµ∂kρ
+ 960(µs)(νλρ)τkµkλΣ
′′
k
∂2
∂kν∂kρ
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+720(µν)(λρs)τkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 720(µν)(λρs)τkµkρΣ
′′
k
∂2
∂kν∂kλ
+ 720(µν)(λρs)τkµΣ
′
k
∂3
∂kν∂kλ∂kρ
+960(µs)(νλρ)τkλΣ
′
k
∂3
∂kµ∂kν∂kρ
− 240i(µν)(µλ)pγ5τkνkλΣ
′′′
k + 180i(µν)(µλ)pγ5τkνΣ
′′
k
∂
∂kλ
−180i(µν)(µλ)pγ5τkλΣ
′′
k
∂
∂kν
− 180i(µν)(µλ)pγ5τΣ
′
k
∂2
∂kν∂kλ
+ 60i(µν)(λρσaµ)γ5τ
∂4
∂kν∂kλ∂kρ∂kσ
+120i(µνλ)(ρσaν)γ5τ
∂4
∂kµ∂kλ∂kρ∂kσ
+ 90i(µνλρ)(σaλ)γ5τ
∂4
∂kµ∂kν∂kρ∂kσ
+ 90i(µaν)(λρνσ)γ5τ
∂4
∂kµ∂kλ∂kρ∂kσ
+120i(µνaλ)(ρλσ)γ5τ
∂4
∂kµ∂kν∂kρ∂kσ
+ 60i(µνλaρ)(ρσ)γ5τ
∂4
∂kµ∂kν∂kλ∂kσ
+ 240i(µν)(µλ)γ5pτkνkλΣ
′′′
k
−180i(µν)(µλ)γ5pτkνΣ
′′
k
∂
∂kλ
+ 180i(µν)(µλ)γ5pτkλΣ
′′
k
∂
∂kν
+ 180i(µν)(µλ)γ5pτΣ
′
k
∂2
∂kν∂kλ
−240i(µν)(λρρσ)γµτkνkλkσΣ
′′′′
k − 240i(µν)(λρλσ)γµτkνkρkσΣ
′′′′
k − 480i(µνλ)(ρρσ)γντkµkλkσΣ
′′′′
k
−120i(µν)(λρρσ)γµτkλkσΣ
′′′
k
∂
∂kν
+ 120i(µννλ)(ρσ)γρτkµkλΣ
′′′
k
∂
∂kσ
− 120i(µν)(λρλσ)γµτkρkσΣ
′′′
k
∂
∂kν
+120i(µνµλ)(ρσ)γρτkνkλΣ
′′′
k
∂
∂kσ
− 180i(µν)(λρρσ)γµτkνkσΣ
′′′
k
∂
∂kλ
− 180i(µν)(λρλσ)γµτkνkσΣ
′′′
k
∂
∂kρ
+360i(µν)(λλρσ)γµτkνkρΣ
′′′
k
∂
∂kσ
+ 180i(µν)(λρρσ)γµτkνkλΣ
′′′
k
∂
∂kσ
+ 180i(µν)(λρλσ)γµτkνkρΣ
′′′
k
∂
∂kσ
−240i(µνλ)(ρρσ)γντkµkσΣ
′′′
k
∂
∂kλ
− 240i(µνλ)(ρρσ)γντkλkσΣ
′′′
k
∂
∂kµ
+ 480i(µνλ)(ρρσ)γντkµkλΣ
′′′
k
∂
∂kσ
−240i(µν)(µλρσ)γντkλkρΣ
′′′
k
∂
∂kσ
− 240i(µν)(λµρσ)γντkλkρΣ
′′′
k
∂
∂kσ
− 240i(µν)(λρµσ)γντkλkρΣ
′′′
k
∂
∂kσ
+480i(µνλ)(µρσ)γντkλkρΣ
′′′
k
∂
∂kσ
+ 480i(µνλ)(ρµσ)γντkλkρΣ
′′′
k
∂
∂kσ
− 480i(µνλ)(νρσ)γλτkµkρΣ
′′′
k
∂
∂kσ
−480i(µνλ)(ρνσ)γλτkµkρΣ
′′′
k
∂
∂kσ
− 480i(µµν)(λρσ)γντkλkρΣ
′′′
k
∂
∂kσ
+ 480i(µνλρ)(µσ)γλτkνkρΣ
′′′
k
∂
∂kσ
+480i(µνλρ)(νσ)γλτkµkρΣ
′′′
k
∂
∂kσ
+ 480i(µµνλ)(ρσ)γντkλkρΣ
′′′
k
∂
∂kσ
− 480i(µνλρ)(λσ)γρτkµkνΣ
′′′
k
∂
∂kσ
−480i(µνµλ)(ρσ)γλτkνkρΣ
′′′
k
∂
∂kσ
− 480i(µννλ)(ρσ)γλτkµkρΣ
′′′
k
∂
∂kσ
− 90i(µν)(λρρσ)γµτkσΣ
′′
k
∂2
∂kν∂kλ
+90i(µννλ)(ρσ)γρτkλΣ
′′
k
∂2
∂kµ∂kσ
− 90i(µν)(λρλσ)γµτkσΣ
′′
k
∂2
∂kν∂kρ
+ 90i(µνµλ)(ρσ)γρτkλΣ
′′
k
∂2
∂kν∂kσ
+180i(µν)(λλρσ)γµτkρΣ
′′
k
∂2
∂kν∂kσ
− 180i(µµνλ)(ρσ)γρτkνΣ
′′
k
∂2
∂kλ∂kσ
+ 90i(µν)(λρρσ)γµτkλΣ
′′
k
∂2
∂kν∂kσ
−90i(µννλ)(ρσ)γρτkµΣ
′′
k
∂2
∂kλ∂kσ
+ 90i(µν)(λρλσ)γµτkρΣ
′′
k
∂2
∂kν∂kσ
− 90i(µνµλ)(ρσ)γρτkνΣ
′′
k
∂2
∂kλ∂kσ
−120i(µνλ)(ρρσ)γντkσΣ
′′
k
∂2
∂kµ∂kλ
+ 120i(µµν)(λρσ)γρτkνΣ
′′
k
∂2
∂kλ∂kσ
+ 180i(µν)(λρρσ)γµτkνΣ
′′
k
∂2
∂kλ∂kσ
+180i(µν)(λρλσ)γµτkνΣ
′′
k
∂2
∂kρ∂kσ
+ 240i(µνλ)(ρρσ)γντkµΣ
′′
k
∂2
∂kλ∂kσ
+ 240i(µνλ)(ρρσ)γντkλΣ
′′
k
∂2
∂kµ∂kσ
−180i(µν)(λµρσ)γντkρΣ
′′
k
∂2
∂kλ∂kσ
− 180i(µν)(λρµσ)γντkρΣ
′′
k
∂2
∂kλ∂kσ
− 180i(µν)(µλρσ)γντkρΣ
′′
k
∂2
∂kλ∂kσ
−180i(µν)(λρµσ)γντkλΣ
′′
k
∂2
∂kρ∂kσ
+ 240i(µνλ)(µρσ)γντkρΣ
′′
k
∂2
∂kλ∂kσ
+ 240i(µνλ)(ρµσ)γντkρΣ
′′
k
∂2
∂kλ∂kσ
−240i(µνλ)(νρσ)γλτkρΣ
′′
k
∂2
∂kµ∂kσ
− 240i(µνλ)(ρνσ)γλτkρΣ
′′
k
∂2
∂kµ∂kσ
+ 480i(µνλ)(ρµσ)γντkλΣ
′′
k
∂2
∂kρ∂kσ
−480i(µνλ)(ρνσ)γλτkµΣ
′′
k
∂2
∂kρ∂kσ
− 480i(µµν)(λρσ)γντkρΣ
′′
k
∂2
∂kλ∂kσ
+ 240i(µνλρ)(µσ)γλτkνΣ
′′
k
∂2
∂kρ∂kσ
+240i(µνλρ)(µσ)γλτkρΣ
′′
k
∂2
∂kν∂kσ
+ 240i(µνλρ)(νσ)γλτkµΣ
′′
k
∂2
∂kρ∂kσ
+ 240i(µµνλ)(ρσ)γντkρΣ
′′
k
∂2
∂kλ∂kσ
−240i(µνλρ)(λσ)γρτkµΣ
′′
k
∂2
∂kν∂kσ
− 240i(µνµλ)(ρσ)γλτkρΣ
′′
k
∂2
∂kν∂kσ
+ 240i(µνλρ)(νσ)γλτkρΣ
′′
k
∂2
∂kµ∂kσ
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−240i(µνλρ)(λσ)γρτkνΣ
′′
k
∂2
∂kµ∂kσ
− 240i(µννλ)(ρσ)γλτkρΣ
′′
k
∂2
∂kµ∂kσ
+ 90i(µν)(λρρσ)γµτΣ
′
k
∂3
∂kν∂kλ∂kσ
−90i(µννλ)(ρσ)γρτΣ
′
k
∂3
∂kµ∂kλ∂kσ
+ 90i(µν)(λρλσ)γµτΣ
′
k
∂3
∂kν∂kρ∂kσ
− 90i(µνµλ)(ρσ)γρτΣ
′
k
∂3
∂kν∂kλ∂kσ
+120i(µνλ)(ρρσ)γντΣ
′
k
∂3
∂kµ∂kλ∂kσ
− 120i(µµν)(λρσ)γρτΣ
′
k
∂3
∂kν∂kλ∂kσ
− 180i(µν)(λρµσ)γντΣ
′
k
∂3
∂kλ∂kρ∂kσ
+240i(µνλ)(ρµσ)γντΣ
′
k
∂3
∂kλ∂kρ∂kσ
− 240i(µνλ)(ρνσ)γλτΣ
′
k
∂3
∂kµ∂kρ∂kσ
+ 120i(µνλρ)(µσ)γλτΣ
′
k
∂3
∂kν∂kρ∂kσ
+120i(µνλρ)(νσ)γλτΣ
′
k
∂3
∂kµ∂kρ∂kσ
− 120i(µνλρ)(λσ)γρτΣ
′
k
∂3
∂kµ∂kν∂kσ
+ 480(µνλρ)sτkµkνkλΣ
′′′
k
∂
∂kρ
+360(µνλρ)sτkνkλΣ
′′
k
∂2
∂kµ∂kρ
+ 360(µνλρ)sτkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 360(µνλρ)sτkλΣ
′
k
∂3
∂kµ∂kν∂kρ
+480i(µν)(λρ)(λσ)γµτkνkρkσΣ
′′′′
k − 240i(µν)(µλ)(ρσ)γρτkνkλΣ
′′′
k
∂
∂kσ
+ 240i(µν)(λρ)(λσ)γµτkρkσΣ
′′′
k
∂
∂kν
−360i(µν)(λρ)(λσ)γµτkνkρΣ
′′′
k
∂
∂kσ
+ 360i(µν)(λρ)(λσ)γµτkνkσΣ
′′′
k
∂
∂kρ
+ 180i(µν)(µλ)(ρσ)γρτkνΣ
′′
k
∂2
∂kλ∂kσ
−180i(µν)(µλ)(ρσ)γρτkλΣ
′′
k
∂2
∂kν∂kσ
− 180i(µν)(λρ)(λσ)γµτkρΣ
′′
k
∂2
∂kν∂kσ
+ 180i(µν)(λρ)(λσ)γµτkσΣ
′′
k
∂2
∂kν∂kρ
+360i(µν)(λρ)(λσ)γµτkνΣ
′′
k
∂2
∂kρ∂kσ
− 360i(µν)(µλ)(ρσ)γντkρΣ
′′
k
∂2
∂kλ∂kσ
− 360i(µν)(λρ)(µσ)γντkλΣ
′′
k
∂2
∂kρ∂kσ
−180i(µν)(µλ)(ρσ)γρτΣ
′
k
∂3
∂kν∂kλ∂kσ
+ 180i(µν)(λρ)(λσ)γµτΣ
′
k
∂3
∂kν∂kρ∂kσ
+ 512(µνλ)(ρνσ)τkµkλkρkσΣkΣ
′′′′′
k
+576(µν)(λρµσ)τkνkλkρkσΣkΣ
′′′′′
k + 2880(µν)(λρµσ)τkνkλkρkσΣ
′
kΣ
′′′′
k + 2560(µνλ)(ρνσ)τkµkλkρkσΣ
′
kΣ
′′′′
k
+5760(µν)(λρµσ)τkνkλkρkσΣ
′′
kΣ
′′′
k + 5120(µνλ)(ρνσ)τkµkλkρkσΣ
′′
kΣ
′′′
k + 240(µν)(λρµσ)τkνkλkρΣkΣ
′′′′
k
∂
∂kσ
−240(µν)(λρρσ)τkµkλkσΣkΣ
′′′′
k
∂
∂kν
− 240(µν)(λρλσ)τkµkρkσΣkΣ
′′′′
k
∂
∂kν
+ 320(µνλ)(ρνσ)τkµkλkρΣkΣ
′′′′
k
∂
∂kσ
−120(µν)(λµρσ)τkνkλkρΣkΣ
′′′′
k
∂
∂kσ
− 120(µν)(µλρσ)τkνkλkρΣkΣ
′′′′
k
∂
∂kσ
− 320(µνλ)(νρσ)τkµkλkρΣkΣ
′′′′
k
∂
∂kσ
+360(µν)(λρµσ)τkνkρkσΣkΣ
′′′′
k
∂
∂kλ
+ 360(µν)(λρµσ)τkνkλkσΣkΣ
′′′′
k
∂
∂kρ
+ 640(µνλ)(ρνσ)τkµkλkσΣkΣ
′′′′
k
∂
∂kρ
−320(µµν)(λρσ)τkνkλkρΣkΣ
′′′′
k
∂
∂kσ
− 960(µν)(λρρσ)τkµkλkσΣ
′
kΣ
′′′
k
∂
∂kν
− 960(µν)(λρλσ)τkµkρkσΣ
′
kΣ
′′′
k
∂
∂kν
−480(µν)(µλρσ)τkνkλkρΣ
′
kΣ
′′′
k
∂
∂kσ
− 480(µν)(λµρσ)τkνkλkρΣ
′
kΣ
′′′
k
∂
∂kσ
+ 960(µν)(λρµσ)τkνkλkρΣ
′
kΣ
′′′
k
∂
∂kσ
−1280(µµν)(λρσ)τkνkλkρΣ
′
kΣ
′′′
k
∂
∂kσ
− 1280(µνλ)(νρσ)τkµkλkρΣ
′
kΣ
′′′
k
∂
∂kσ
+ 1280(µνλ)(ρνσ)τkµkλkρΣ
′
kΣ
′′′
k
∂
∂kσ
+1440(µν)(λρµσ)τkνkρkσΣ
′
kΣ
′′′
k
∂
∂kλ
+ 1440(µν)(λρµσ)τkνkλkσΣ
′
kΣ
′′′
k
∂
∂kρ
+ 2560(µνλ)(ρνσ)τkµkλkσΣ
′
kΣ
′′′
k
∂
∂kρ
−960(µµν)(λρσ)τkνkλkρΣ
′′2
k
∂
∂kσ
− 960(µνλ)(νρσ)τkµkλkρΣ
′′2
k
∂
∂kσ
+ 960(µνλ)(ρνσ)τkµkλkρΣ
′′2
k
∂
∂kσ
−720(µν)(λρρσ)τkµkλkσΣ
′′2
k
∂
∂kν
− 720(µν)(λρλσ)τkµkρkσΣ
′′2
k
∂
∂kν
+ 1080(µν)(λρµσ)τkνkρkσΣ
′′2
k
∂
∂kλ
+720(µν)(λρµσ)τkνkλkρΣ
′′2
k
∂
∂kσ
+ 1080(µν)(λρµσ)τkνkλkσΣ
′′2
k
∂
∂kρ
+ 1920(µνλ)(ρνσ)τkµkλkσΣ
′′2
k
∂
∂kρ
−360(µν)(λµρσ)τkνkλkρΣ
′′2
k
∂
∂kσ
− 360(µν)(µλρσ)τkνkλkρΣ
′′2
k
∂
∂kσ
+ 120(µν)(λρµσ)τkνkρΣkΣ
′′′
k
∂2
∂kλ∂kσ
+120(µν)(λρµσ)τkνkλΣkΣ
′′′
k
∂2
∂kρ∂kσ
− 180(µν)(λρρσ)τkµkσΣkΣ
′′′
k
∂2
∂kν∂kλ
+ 180(µν)(λρρσ)τkµkλΣkΣ
′′′
k
∂2
∂kν∂kσ
−180(µν)(λρλσ)τkµkσΣkΣ
′′′
k
∂2
∂kν∂kρ
+ 180(µν)(λρλσ)τkµkρΣkΣ
′′′
k
∂2
∂kν∂kσ
− 320(µµν)(λρσ)τkνkρΣkΣ
′′′
k
∂2
∂kλ∂kσ
+320(µµν)(λρσ)τkλkρΣkΣ
′′′
k
∂2
∂kν∂kσ
+ 360(µν)(λλρσ)τkµkρΣkΣ
′′′
k
∂2
∂kν∂kσ
− 120(µν)(λµρσ)τkνkρΣkΣ
′′′
k
∂2
∂kλ∂kσ
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−120(µν)(µλρσ)τkνkρΣkΣ
′′′
k
∂2
∂kλ∂kσ
+ 240(µν)(λρµσ)τkνkσΣkΣ
′′′
k
∂2
∂kλ∂kρ
+
640
3
(µνλ)(ρνσ)τkλkσΣkΣ
′′′
k
∂2
∂kµ∂kρ
+240(µν)(λµρσ)τkλkρΣkΣ
′′′
k
∂2
∂kν∂kσ
+ 240(µν)(µλρσ)τkλkρΣkΣ
′′′
k
∂2
∂kν∂kσ
+
640
3
(µνλ)(νρσ)τkµkρΣkΣ
′′′
k
∂2
∂kλ∂kσ
−
640
3
(µνλ)(νρσ)τkλkρΣkΣ
′′′
k
∂2
∂kµ∂kσ
+
640
3
(µνλ)(µρσ)τkνkρΣkΣ
′′′
k
∂2
∂kλ∂kσ
+ 240(µν)(λρµσ)τkλkρΣkΣ
′′′
k
∂2
∂kν∂kσ
+
640
3
(µνλ)(ρνσ)τkµkσΣkΣ
′′′
k
∂2
∂kλ∂kρ
+
640
3
(µνλ)(ρνσ)τkµkρΣkΣ
′′′
k
∂2
∂kλ∂kσ
− 540(µν)(λρρσ)τkµkσΣ
′
kΣ
′′
k
∂2
∂kν∂kλ
−540(µν)(λρλσ)τkµkσΣ
′
kΣ
′′
k
∂2
∂kν∂kρ
+ 1080(µν)(λλρσ)τkµkρΣ
′
kΣ
′′
k
∂2
∂kν∂kσ
− 360(µν)(λµρσ)τkνkρΣ
′
kΣ
′′
k
∂2
∂kλ∂kσ
+360(µν)(λρµσ)τkνkρΣ
′
kΣ
′′
k
∂2
∂kλ∂kσ
− 360(µν)(µλρσ)τkνkρΣ
′
kΣ
′′
k
∂2
∂kλ∂kσ
+ 360(µν)(λρµσ)τkνkλΣ
′
kΣ
′′
k
∂2
∂kρ∂kσ
+540(µν)(λρρσ)τkµkλΣ
′
kΣ
′′
k
∂2
∂kν∂kσ
+ 540(µν)(λρλσ)τkµkρΣ
′
kΣ
′′
k
∂2
∂kν∂kσ
− 960(µµν)(λρσ)τkνkρΣ
′
kΣ
′′
k
∂2
∂kλ∂kσ
+960(µµν)(λρσ)τkλkρΣ
′
kΣ
′′
k
∂2
∂kν∂kσ
− 640(µνλ)(νρσ)τkλkρΣ
′
kΣ
′′
k
∂2
∂kµ∂kσ
+ 640(µνλ)(ρνσ)τkµkσΣ
′
kΣ
′′
k
∂2
∂kλ∂kρ
+640(µνλ)(µρσ)τkνkρΣ
′
kΣ
′′
k
∂2
∂kλ∂kσ
+ 640(µνλ)(νρσ)τkµkρΣ
′
kΣ
′′
k
∂2
∂kλ∂kσ
+ 720(µν)(µλρσ)τkλkρΣ
′
kΣ
′′
k
∂2
∂kν∂kσ
+720(µν)(λµρσ)τkλkρΣ
′
kΣ
′′
k
∂2
∂kν∂kσ
+ 720(µν)(λρµσ)τkλkρΣ
′
kΣ
′′
k
∂2
∂kν∂kσ
+ 640(µνλ)(ρνσ)τkµkρΣ
′
kΣ
′′
k
∂2
∂kλ∂kσ
+720(µν)(λρµσ)τkνkσΣ
′
kΣ
′′
k
∂2
∂kλ∂kρ
+ 640(µνλ)(ρνσ)τkλkσΣ
′
kΣ
′′
k
∂2
∂kµ∂kρ
+ 180(µν)(λρρσ)τkµΣkΣ
′′
k
∂3
∂kν∂kλ∂kσ
+180(µν)(λρλσ)τkµΣkΣ
′′
k
∂3
∂kν∂kρ∂kσ
+ 180(µν)(λρµσ)τkρΣkΣ
′′
k
∂3
∂kν∂kλ∂kσ
+ 180(µν)(λρµσ)τkλΣkΣ
′′
k
∂3
∂kν∂kρ∂kσ
+320(µνλ)(ρνσ)τkµΣkΣ
′′
k
∂3
∂kλ∂kρ∂kσ
+ 180(µν)(λµρσ)τkρΣkΣ
′′
k
∂3
∂kν∂kλ∂kσ
+ 180(µν)(µλρσ)τkρΣkΣ
′′
k
∂3
∂kν∂kλ∂kσ
+320(µνλ)(νρσ)τkρΣkΣ
′′
k
∂3
∂kµ∂kλ∂kσ
+ 320(µµν)(λρσ)τkρΣkΣ
′′
k
∂3
∂kν∂kλ∂kσ
+ 180(µν)(λρρσ)τkµΣ
′2
k
∂3
∂kν∂kλ∂kσ
+180(µν)(λρλσ)τkµΣ
′2
k
∂3
∂kν∂kρ∂kσ
+ 320(µνλ)(νρσ)τkρΣ
′2
k
∂3
∂kµ∂kλ∂kσ
+ 320(µµν)(λρσ)τkρΣ
′2
k
∂3
∂kν∂kλ∂kσ
+180(µν)(λµρσ)τkρΣ
′2
k
∂3
∂kν∂kλ∂kσ
+ 180(µν)(µλρσ)τkρΣ
′2
k
∂3
∂kν∂kλ∂kσ
+ 180(µν)(λρµσ)τkρΣ
′2
k
∂3
∂kν∂kλ∂kσ
+180(µν)(λρµσ)τkλΣ
′2
k
∂3
∂kν∂kρ∂kσ
+ 320(µνλ)(ρνσ)τkµΣ
′2
k
∂3
∂kλ∂kρ∂kσ
+ 180(µν)(λρµσ)τΣkΣ
′
k
∂4
∂kν∂kλ∂kρ∂kσ
+160(µνλ)(ρνσ)τΣkΣ
′
k
∂4
∂kµ∂kλ∂kρ∂kσ
+ 720(µν)(λρ)sτkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 960i(µp)(νλρ)γ5τkµkνkλΣ
′′′
k
∂
∂kρ
+1440i(µνp)(λρ)γ5τkµkνkλΣ
′′′
k
∂
∂kρ
− 480i(µνλ)(ρp)γ5τkµkνΣ
′′
k
∂2
∂kλ∂kρ
+ 480i(µp)(νλρ)γ5τkνkλΣ
′′
k
∂2
∂kµ∂kρ
+960i(µp)(νλρ)γ5τkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 720i(µνp)(λρ)γ5τkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 720i(µνp)(λρ)γ5τkνkλΣ
′′
k
∂2
∂kµ∂kρ
−360i(µν)(λρp)γ5τkµΣ
′
k
∂3
∂kν∂kλ∂kρ
− 480i(µνλ)(ρp)γ5τkνΣ
′
k
∂3
∂kµ∂kλ∂kρ
+ 480i(µp)(νλρ)γ5τkλΣ
′
k
∂3
∂kµ∂kν∂kρ
+360i(µνp)(λρ)γ5τkλΣ
′
k
∂3
∂kµ∂kν∂kρ
− 240(µaν)(λρρσ)γνγ5τkµkλkσΣ
′′′′
k − 240(µa
ν)(λρλσ)γνγ5τkµkρkσΣ
′′′′
k
−480(µνaλ)(ρρσ)γλγ5τkµkνkσΣ
′′′′
k − 120(µννλ)(ρa
σ)γσγ5τkµkλΣ
′′′
k
∂
∂kρ
− 120(µνµλ)(ρaσ)γσγ5τkνkλΣ
′′′
k
∂
∂kρ
−120(µaν)(λρρσ)γνγ5τkλkσΣ
′′′
k
∂
∂kµ
− 120(µaν)(λρλσ)γνγ5τkρkσΣ
′′′
k
∂
∂kµ
− 180(µaν)(λρρσ)γνγ5τkµkσΣ
′′′
k
∂
∂kλ
−180(µaν)(λρλσ)γνγ5τkµkσΣ
′′′
k
∂
∂kρ
+ 360(µaν)(λλρσ)γνγ5τkµkρΣ
′′′
k
∂
∂kσ
+ 180(µaν)(λρρσ)γνγ5τkµkλΣ
′′′
k
∂
∂kσ
+180(µaν)(λρλσ)γνγ5τkµkρΣ
′′′
k
∂
∂kσ
− 240(µνaλ)(ρρσ)γλγ5τkµkσΣ
′′′
k
∂
∂kν
− 240(µνaλ)(ρρσ)γλγ5τkνkσΣ
′′′
k
∂
∂kµ
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+480(µνaλ)(ρρσ)γλγ5τkµkνΣ
′′′
k
∂
∂kσ
+ 240(µaν)(µλρσ)γνγ5τkλkρΣ
′′′
k
∂
∂kσ
+ 240(µaν)(λµρσ)γνγ5τkλkρΣ
′′′
k
∂
∂kσ
+240(µaν)(λρµσ)γνγ5τkλkρΣ
′′′
k
∂
∂kσ
+ 480(µνaλ)(µρσ)γλγ5τkνkρΣ
′′′
k
∂
∂kσ
+ 480(µνaλ)(ρµσ)γλγ5τkνkρΣ
′′′
k
∂
∂kσ
+480(µνaλ)(νρσ)γλγ5τkµkρΣ
′′′
k
∂
∂kσ
+ 480(µνaλ)(ρνσ)γλγ5τkµkρΣ
′′′
k
∂
∂kσ
+ 480(µµaν)(λρσ)γνγ5τkλkρΣ
′′′
k
∂
∂kσ
+480(µνλaρ)(λσ)γργ5τkµkνΣ
′′′
k
∂
∂kσ
+ 480(µνλaρ)(νσ)γργ5τkµkλΣ
′′′
k
∂
∂kσ
+ 480(µννaλ)(ρσ)γλγ5τkµkρΣ
′′′
k
∂
∂kσ
+480(µνλaρ)(µσ)γργ5τkνkλΣ
′′′
k
∂
∂kσ
+ 480(µνµaλ)(ρσ)γλγ5τkνkρΣ
′′′
k
∂
∂kσ
+ 480(µµνaλ)(ρσ)γλγ5τkνkρΣ
′′′
k
∂
∂kσ
−120(µµν)(λρaσ)γσγ5τkνΣ
′′
k
∂2
∂kλ∂kρ
− 90(µννλ)(ρaσ)γσγ5τkλΣ
′′
k
∂2
∂kµ∂kρ
− 90(µνµλ)(ρaσ)γσγ5τkλΣ
′′
k
∂2
∂kν∂kρ
+180(µµνλ)(ρaσ)γσγ5τkνΣ
′′
k
∂2
∂kλ∂kρ
+ 90(µννλ)(ρaσ)γσγ5τkµΣ
′′
k
∂2
∂kλ∂kρ
+ 90(µνµλ)(ρaσ)γσγ5τkνΣ
′′
k
∂2
∂kλ∂kρ
−90(µaν)(λρρσ)γνγ5τkσΣ
′′
k
∂2
∂kµ∂kλ
− 90(µaν)(λρλσ)γνγ5τkσΣ
′′
k
∂2
∂kµ∂kρ
+ 180(µaν)(λλρσ)γνγ5τkρΣ
′′
k
∂2
∂kµ∂kσ
+90(µaν)(λρρσ)γνγ5τkλΣ
′′
k
∂2
∂kµ∂kσ
+ 90(µaν)(λρλσ)γνγ5τkρΣ
′′
k
∂2
∂kµ∂kσ
+ 180(µaν)(λρρσ)γνγ5τkµΣ
′′
k
∂2
∂kλ∂kσ
+180(µaν)(λρλσ)γνγ5τkµΣ
′′
k
∂2
∂kρ∂kσ
− 120(µνaλ)(ρρσ)γλγ5τkσΣ
′′
k
∂2
∂kµ∂kν
+ 240(µνaλ)(ρρσ)γλγ5τkµΣ
′′
k
∂2
∂kν∂kσ
+240(µνaλ)(ρρσ)γλγ5τkνΣ
′′
k
∂2
∂kµ∂kσ
+ 180(µaν)(λµρσ)γνγ5τkρΣ
′′
k
∂2
∂kλ∂kσ
+ 180(µaν)(λρµσ)γνγ5τkρΣ
′′
k
∂2
∂kλ∂kσ
+180(µaν)(µλρσ)γνγ5τkρΣ
′′
k
∂2
∂kλ∂kσ
+ 180(µaν)(λρµσ)γνγ5τkλΣ
′′
k
∂2
∂kρ∂kσ
+ 240(µνaλ)(µρσ)γλγ5τkρΣ
′′
k
∂2
∂kν∂kσ
+240(µνaλ)(ρµσ)γλγ5τkρΣ
′′
k
∂2
∂kν∂kσ
+ 240(µνaλ)(νρσ)γλγ5τkρΣ
′′
k
∂2
∂kµ∂kσ
+ 240(µνaλ)(ρνσ)γλγ5τkρΣ
′′
k
∂2
∂kµ∂kσ
+480(µνaλ)(ρµσ)γλγ5τkνΣ
′′
k
∂2
∂kρ∂kσ
+ 480(µνaλ)(ρνσ)γλγ5τkµΣ
′′
k
∂2
∂kρ∂kσ
+ 480(µµaν)(λρσ)γνγ5τkρΣ
′′
k
∂2
∂kλ∂kσ
+240(µνλaρ)(λσ)γργ5τkνΣ
′′
k
∂2
∂kµ∂kσ
+ 240(µνλaρ)(λσ)γργ5τkµΣ
′′
k
∂2
∂kν∂kσ
+ 240(µνλaρ)(νσ)γργ5τkλΣ
′′
k
∂2
∂kµ∂kσ
+240(µννaλ)(ρσ)γλγ5τkρΣ
′′
k
∂2
∂kµ∂kσ
+ 240(µνλaρ)(µσ)γργ5τkλΣ
′′
k
∂2
∂kν∂kσ
+ 240(µνµaλ)(ρσ)γλγ5τkρΣ
′′
k
∂2
∂kν∂kσ
+240(µνλaρ)(νσ)γργ5τkµΣ
′′
k
∂2
∂kλ∂kσ
+ 240(µνλaρ)(µσ)γργ5τkνΣ
′′
k
∂2
∂kλ∂kσ
+ 240(µµνaλ)(ρσ)γλγ5τkρΣ
′′
k
∂2
∂kν∂kσ
+120(µµν)(λρaσ)γσγ5τΣ
′
k
∂3
∂kν∂kλ∂kρ
+ 90(µννλ)(ρaσ)γσγ5τΣ
′
k
∂3
∂kµ∂kλ∂kρ
+ 90(µνµλ)(ρaσ)γσγ5τΣ
′
k
∂3
∂kν∂kλ∂kρ
+90(µaν)(λρρσ)γνγ5τΣ
′
k
∂3
∂kµ∂kλ∂kσ
+ 90(µaν)(λρλσ)γνγ5τΣ
′
k
∂3
∂kµ∂kρ∂kσ
+ 120(µνaλ)(ρρσ)γλγ5τΣ
′
k
∂3
∂kµ∂kν∂kσ
+180(µaν)(λρµσ)γνγ5τΣ
′
k
∂3
∂kλ∂kρ∂kσ
+ 240(µνaλ)(ρµσ)γλγ5τΣ
′
k
∂3
∂kν∂kρ∂kσ
+240(µνaλ)(ρνσ)γλγ5τΣ
′
k
∂3
∂kµ∂kρ∂kσ
+ 120(µνλaρ)(λσ)γργ5τΣ
′
k
∂3
∂kµ∂kν∂kσ
+120(µνλaρ)(νσ)γργ5τΣ
′
k
∂3
∂kµ∂kλ∂kσ
+ 120(µνλaρ)(µσ)γργ5τΣ
′
k
∂3
∂kν∂kλ∂kσ
− 240i(µνλρ)pγ5τkµkνkλΣ
′′′
k
∂
∂kρ
−180i(µνλρ)pγ5τkνkλΣ
′′
k
∂2
∂kµ∂kρ
− 180i(µνλρ)pγ5τkµkλΣ
′′
k
∂2
∂kν∂kρ
− 180i(µνλρ)pγ5τkλΣ
′
k
∂3
∂kµ∂kν∂kρ
+240i(µνλρ)γ5pτkµkνkλΣ
′′′
k
∂
∂kρ
+ 180i(µνλρ)γ5pτkνkλΣ
′′
k
∂2
∂kµ∂kρ
+ 180i(µνλρ)γ5pτkµkλΣ
′′
k
∂2
∂kν∂kρ
+180i(µνλρ)γ5pτkλΣ
′
k
∂3
∂kµ∂kν∂kρ
+ 480(µν)(µλ)(ρσ)τkνkλkρΣkΣ
′′′′
k
∂
∂kσ
+ 1920(µν)(µλ)(ρσ)τkνkλkρΣ
′
kΣ
′′′
k
∂
∂kσ
+1440(µν)(µλ)(ρσ)τkνkλkρΣ
′′2
k
∂
∂kσ
+ 120(µν)(µλ)(ρσ)τkλkρΣkΣ
′′′
k
∂2
∂kν∂kσ
− 120(µν)(µλ)(ρσ)τkνkρΣkΣ
′′′
k
∂2
∂kλ∂kσ
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−360(µν)(µλ)(ρσ)τkνkρΣ
′
kΣ
′′
k
∂2
∂kλ∂kσ
+ 360(µν)(µλ)(ρσ)τkλkρΣ
′
kΣ
′′
k
∂2
∂kν∂kσ
+360(µν)(µλ)(ρσ)τkρΣkΣ
′′
k
∂3
∂kν∂kλ∂kσ
+ 360(µν)(µλ)(ρσ)τkρΣ
′2
k
∂3
∂kν∂kλ∂kσ
+ 480(µaν)(λρ)(λσ)γνγ5τkµkρkσΣ
′′′′
k
+240(µν)(µλ)(ρaσ)γσγ5τkνkλΣ
′′′
k
∂
∂kρ
+ 240(µaν)(λρ)(λσ)γνγ5τkρkσΣ
′′′
k
∂
∂kµ
− 360(µaν)(λρ)(λσ)γνγ5τkµkρΣ
′′′
k
∂
∂kσ
+360(µaν)(λρ)(λσ)γνγ5τkµkσΣ
′′′
k
∂
∂kρ
− 180(µν)(µλ)(ρaσ)γσγ5τkνΣ
′′
k
∂2
∂kλ∂kρ
+180(µν)(µλ)(ρaσ)γσγ5τkλΣ
′′
k
∂2
∂kν∂kρ
− 180(µaν)(λρ)(λσ)γνγ5τkρΣ
′′
k
∂2
∂kµ∂kσ
+180(µaν)(λρ)(λσ)γνγ5τkσΣ
′′
k
∂2
∂kµ∂kρ
+ 360(µaν)(λρ)(λσ)γνγ5τkµΣ
′′
k
∂2
∂kρ∂kσ
+360(µaν)(µλ)(ρσ)γνγ5τkρΣ
′′
k
∂2
∂kλ∂kσ
+ 360(µaν)(λρ)(µσ)γνγ5τkλΣ
′′
k
∂2
∂kρ∂kσ
+180(µν)(µλ)(ρaσ)γσγ5τΣ
′
k
∂3
∂kν∂kλ∂kρ
+ 180(µaν)(λρ)(λσ)γνγ5τΣ
′
k
∂3
∂kµ∂kρ∂kσ
−360i(µν)(λρ)pγ5τkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 360i(µν)(λρ)γ5pτkµkλΣ
′′
k
∂2
∂kν∂kρ
+ 480i(µν)(λρσδ)γµτkνkλkρkσΣ
′′′′
k
∂
∂kδ
+960i(µνλ)(ρσδ)γντkµkλkρkσΣ
′′′′
k
∂
∂kδ
+ 960i(µνλρ)(σδ)γλτkµkνkρkσΣ
′′′′
k
∂
∂kδ
+240i(µν)(λρσδ)γµτkλkρkσΣ
′′′
k
∂2
∂kν∂kδ
− 240i(µνλρ)(σδ)γστkµkνkλΣ
′′′
k
∂2
∂kρ∂kδ
+360i(µν)(λρσδ)γµτkνkρkσΣ
′′′
k
∂2
∂kλ∂kδ
+ 360i(µν)(λρσδ)γµτkνkλkσΣ
′′′
k
∂2
∂kρ∂kδ
+480i(µνλ)(ρσδ)γντkµkρkσΣ
′′′
k
∂2
∂kλ∂kδ
+ 480i(µνλ)(ρσδ)γντkλkρkσΣ
′′′
k
∂2
∂kµ∂kδ
+960i(µνλ)(ρσδ)γντkµkλkσΣ
′′′
k
∂2
∂kρ∂kδ
+ 480i(µνλρ)(σδ)γλτkµkνkσΣ
′′′
k
∂2
∂kρ∂kδ
+480i(µνλρ)(σδ)γλτkµkρkσΣ
′′′
k
∂2
∂kν∂kδ
+ 480i(µνλρ)(σδ)γλτkνkρkσΣ
′′′
k
∂2
∂kµ∂kδ
+180i(µν)(λρσδ)γµτkρkσΣ
′′
k
∂3
∂kν∂kλ∂kδ
− 180i(µνλρ)(σδ)γστkνkλΣ
′′
k
∂3
∂kµ∂kρ∂kδ
+180i(µν)(λρσδ)γµτkλkσΣ
′′
k
∂3
∂kν∂kρ∂kδ
− 180i(µνλρ)(σδ)γστkµkλΣ
′′
k
∂3
∂kν∂kρ∂kδ
+240i(µνλ)(ρσδ)γντkρkσΣ
′′
k
∂3
∂kµ∂kλ∂kδ
− 240i(µνλ)(ρσδ)γστkµkνΣ
′′
k
∂3
∂kλ∂kρ∂kδ
+360i(µν)(λρσδ)γµτkνkσΣ
′′
k
∂3
∂kλ∂kρ∂kδ
+ 480i(µνλ)(ρσδ)γντkµkσΣ
′′
k
∂3
∂kλ∂kρ∂kδ
+480i(µνλ)(ρσδ)γντkλkσΣ
′′
k
∂3
∂kµ∂kρ∂kδ
+ 240i(µνλρ)(σδ)γλτkµkσΣ
′′
k
∂3
∂kν∂kρ∂kδ
+240i(µνλρ)(σδ)γλτkνkσΣ
′′
k
∂3
∂kµ∂kρ∂kδ
+ 240i(µνλρ)(σδ)γλτkρkσΣ
′′
k
∂3
∂kµ∂kν∂kδ
+180i(µν)(λρσδ)γµτkσΣ
′
k
∂4
∂kν∂kλ∂kρ∂kδ
− 180i(µνλρ)(σδ)γστkλΣ
′
k
∂4
∂kµ∂kν∂kρ∂kδ
+240i(µνλ)(ρσδ)γντkσΣ
′
k
∂4
∂kµ∂kλ∂kρ∂kδ
− 240i(µνλ)(ρσδ)γστkνΣ
′
k
∂4
∂kµ∂kλ∂kρ∂kδ
−120i(µν)(λρσδ)γστkµΣ
′
k
∂4
∂kν∂kλ∂kρ∂kδ
+ 120i(µνλρ)(σδ)γλτkσΣ
′
k
∂4
∂kµ∂kν∂kρ∂kδ
+720i(µν)(λρ)(σδ)γµτkνkλkσΣ
′′′
k
∂2
∂kρ∂kδ
− 360i(µν)(λρ)(σδ)γστkµkλΣ
′′
k
∂3
∂kν∂kρ∂kδ
+360i(µν)(λρ)(σδ)γµτkλkσΣ
′′
k
∂3
∂kν∂kρ∂kδ
+ 480(µν)(λρσδ)τkµkλkρkσΣkΣ
′′′′
k
∂2
∂kν∂kδ
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+320(µνλ)(ρσδ)τkµkνkρkσΣkΣ
′′′′
k
∂2
∂kλ∂kδ
+ 1920(µν)(λρσδ)τkµkλkρkσΣ
′
kΣ
′′′
k
∂2
∂kν∂kδ
+1280(µνλ)(ρσδ)τkµkνkρkσΣ
′
kΣ
′′′
k
∂2
∂kλ∂kδ
+ 960(µνλ)(ρσδ)τkµkνkρkσΣ
′′2
k
∂2
∂kλ∂kδ
+1440(µν)(λρσδ)τkµkλkρkσΣ
′′2
k
∂2
∂kν∂kδ
+ 360(µν)(λρσδ)τkµkρkσΣkΣ
′′′
k
∂3
∂kν∂kλ∂kδ
+360(µν)(λρσδ)τkµkλkσΣkΣ
′′′
k
∂3
∂kν∂kρ∂kδ
+ 640(µνλ)(ρσδ)τkµkνkσΣkΣ
′′′
k
∂3
∂kλ∂kρ∂kδ
+1080(µν)(λρσδ)τkµkρkσΣ
′
kΣ
′′
k
∂3
∂kν∂kλ∂kδ
+ 1080(µν)(λρσδ)τkµkλkσΣ
′
kΣ
′′
k
∂3
∂kν∂kρ∂kδ
+1920(µνλ)(ρσδ)τkµkνkσΣ
′
kΣ
′′
k
∂3
∂kλ∂kρ∂kδ
+ 360(µν)(λρσδ)τkµkσΣkΣ
′′
k
∂4
∂kν∂kλ∂kρ∂kδ
+320(µνλ)(ρσδ)τkνkσΣkΣ
′′
k
∂4
∂kµ∂kλ∂kρ∂kδ
+ 360(µν)(λρσδ)τkµkσΣ
′2
k
∂4
∂kν∂kλ∂kρ∂kδ
+320(µνλ)(ρσδ)τkνkσΣ
′2
k
∂4
∂kµ∂kλ∂kρ∂kδ
+ 480(µaν)(λρσδ)γνγ5τkµkλkρkσΣ
′′′′
k
∂
∂kδ
+960(µνaλ)(ρσδ)γλγ5τkµkνkρkσΣ
′′′′
k
∂
∂kδ
+ 960(µνλaρ)(σδ)γργ5τkµkνkλkσΣ
′′′′
k
∂
∂kδ
+240(µνλρ)(σaδ)γδγ5τkµkνkλΣ
′′′
k
∂2
∂kρ∂kσ
+ 240(µaν)(λρσδ)γνγ5τkλkρkσΣ
′′′
k
∂2
∂kµ∂kδ
+360(µaν)(λρσδ)γνγ5τkµkρkσΣ
′′′
k
∂2
∂kλ∂kδ
+ 360(µaν)(λρσδ)γνγ5τkµkλkσΣ
′′′
k
∂2
∂kρ∂kδ
+480(µνaλ)(ρσδ)γλγ5τkµkρkσΣ
′′′
k
∂2
∂kν∂kδ
+ 480(µνaλ)(ρσδ)γλγ5τkνkρkσΣ
′′′
k
∂2
∂kµ∂kδ
+960(µνaλ)(ρσδ)γλγ5τkµkνkσΣ
′′′
k
∂2
∂kρ∂kδ
+ 480(µνλaρ)(σδ)γργ5τkνkλkσΣ
′′′
k
∂2
∂kµ∂kδ
+480(µνλaρ)(σδ)γργ5τkµkλkσΣ
′′′
k
∂2
∂kν∂kδ
+ 480(µνλaρ)(σδ)γργ5τkµkνkσΣ
′′′
k
∂2
∂kλ∂kδ
+240(µνλ)(ρσaδ)γδγ5τkµkνΣ
′′
k
∂3
∂kλ∂kρ∂kσ
+ 180(µνλρ)(σaδ)γδγ5τkνkλΣ
′′
k
∂3
∂kµ∂kρ∂kσ
+180(µνλρ)(σaδ)γδγ5τkµkλΣ
′′
k
∂3
∂kν∂kρ∂kσ
+ 180(µaν)(λρσδ)γνγ5τkρkσΣ
′′
k
∂3
∂kµ∂kλ∂kδ
+180(µaν)(λρσδ)γνγ5τkλkσΣ
′′
k
∂3
∂kµ∂kρ∂kδ
+ 360(µaν)(λρσδ)γνγ5τkµkσΣ
′′
k
∂3
∂kλ∂kρ∂kδ
+240(µνaλ)(ρσδ)γλγ5τkρkσΣ
′′
k
∂3
∂kµ∂kν∂kδ
+ 480(µνaλ)(ρσδ)γλγ5τkµkσΣ
′′
k
∂3
∂kν∂kρ∂kδ
+480(µνaλ)(ρσδ)γλγ5τkνkσΣ
′′
k
∂3
∂kµ∂kρ∂kδ
+ 240(µνλaρ)(σδ)γργ5τkλkσΣ
′′
k
∂3
∂kµ∂kν∂kδ
+240(µνλaρ)(σδ)γργ5τkνkσΣ
′′
k
∂3
∂kµ∂kλ∂kδ
+ 240(µνλaρ)(σδ)γργ5τkµkσΣ
′′
k
∂3
∂kν∂kλ∂kδ
+120(µν)(λρσaδ)γδγ5τkµΣ
′
k
∂4
∂kν∂kλ∂kρ∂kσ
+ 240(µνλ)(ρσaδ)γδγ5τkνΣ
′
k
∂4
∂kµ∂kλ∂kρ∂kσ
+180(µνλρ)(σaδ)γδγ5τkλΣ
′
k
∂4
∂kµ∂kν∂kρ∂kσ
+ 180(µaν)(λρσδ)γνγ5τkσΣ
′
k
∂4
∂kµ∂kλ∂kρ∂kδ
+240(µνaλ)(ρσδ)γλγ5τkσΣ
′
k
∂4
∂kµ∂kν∂kρ∂kδ
+ 120(µνλaρ)(σδ)γργ5τkσΣ
′
k
∂4
∂kµ∂kν∂kλ∂kδ
+240(µν)(λρ)(σδ)τkµkλkσΣkΣ
′′′
k
∂3
∂kν∂kρ∂kδ
+ 720(µν)(λρ)(σδ)τkµkλkσΣ
′
kΣ
′′
k
∂3
∂kν∂kρ∂kδ
+720(µaν)(λρ)(σδ)γνγ5τkµkλkσΣ
′′′
k
∂2
∂kρ∂kδ
+ 360(µν)(λρ)(σaδ)γδγ5τkµkλΣ
′′
k
∂3
∂kν∂kρ∂kσ
+360(µaν)(λρ)(σδ)γνγ5τkλkσΣ
′′
k
∂3
∂kµ∂kρ∂kδ
. (A12)
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APPENDIX B: ANALYTICAL EXPRESSIONS OF Zi ON Σ(k
2)
Z1 =
∫
dK
[
−
2
3
τ3 +
1
3
τ4k2 + 4τ4Σ2k −
1
18
τ5k4 − τ5k2Σ2k −
8
3
τ5Σ4k +
1
540
τ6k6 +
2
45
τ6k4Σ2k +
4
15
τ6k2Σ4k +
16
45
τ6Σ6k
]
,
Z2 =
∫
dK
[
2τ3 −
1
3
τ4k2 − 12τ4Σ2k −
1
18
τ5k4 +
7
3
τ5k2Σ2k + 8τ
5Σ4k +
1
180
τ6k6 −
2
45
τ6k4Σ2k −
4
5
τ6k2Σ4k −
16
15
τ6Σ6k
]
,
Z3 =
∫
dK
[
− τ3 +
1
2
τ4k2 + 6τ4Σ2k −
1
18
τ5k4 −
4
3
τ5k2Σ2k − 4τ
5Σ4k +
1
360
τ6k6 +
1
15
τ6k4Σ2k +
2
5
τ6k2Σ4k +
8
15
τ6Σ6k
]
,
Z4 =
∫
dK
[
− τ3 +
1
6
τ4k2 + 6τ4Σ2k − τ
5k2Σ2k − 4τ
5Σ4k +
1
360
τ6k6 −
1
45
τ6k4Σ2k +
2
5
τ6k2Σ4k +
8
15
τ6Σ6k
]
,
Z5 =
∫
dK
[
1
3
τ3 −
1
6
τ4k2 − 2τ4Σ2k +
1
3
τ5k2Σ2k +
4
3
τ5Σ4k +
1
1080
τ6k6 +
1
45
τ6k4Σ2k −
2
15
τ6k2Σ4k −
8
45
τ6Σ6k
]
,
Z6 =
∫
dK
[
−
4
15
τ3 +
1
3
τ4k2 +
2
5
τ4Σ2k −
1
10
τ5k4 +
2
3
τ5k4Σ2kΣ
′2
k −
2
5
τ5k2Σ2k +
1
120
τ6k6 +
1
15
τ6k4Σ2k −
1
30
τ6k6Σ2kΣ
′2
k
−
4
15
τ6k4Σ4kΣ
′2
k
]
,
Z7 =
∫
dK
[
−
11
5
τ3 + 3τ3k2Σ′2k +
13
10
τ4k2 +
92
15
τ4Σ2k − 18τ
4k2Σ2kΣ
′2
k −
2
9
τ4k4Σ′2k −
17
90
τ5k4 −
11
5
τ5k2Σ2k −
8
5
τ5Σ4k
+
14
9
τ5k4Σ2kΣ
′2
k + 12τ
5k2Σ4kΣ
′2
k +
1
120
τ6k6 +
2
15
τ6k4Σ2k +
2
5
τ6k2Σ4k −
1
30
τ6k6Σ2kΣ
′2
k −
8
15
τ6k4Σ4kΣ
′2
k −
8
5
τ6k2Σ6kΣ
′2
k
]
,
Z8 =
∫
dK
[
4
15
τ3 +
1
5
τ4k2 −
2
5
τ4Σ2k −
1
10
τ5k4 +
2
3
τ5k4Σ2kΣ
′2
k −
2
5
τ5k2Σ2k +
1
120
τ6k6 +
1
15
τ6k4Σ2k −
1
30
τ6k6Σ2kΣ
′2
k
−
4
15
τ6k4Σ4kΣ
′2
k
]
,
Z9 =
∫
dK
[
−
23
15
τ3 +
59
60
τ4k2 +
17
15
τ4Σ2k −
2
9
τ4k4Σ′2k −
7
45
τ5k4 +
8
9
τ5k4Σ2kΣ
′2
k −
2
5
τ5k2Σ2k +
1
120
τ6k6 +
1
15
τ6k4Σ2k
−
1
30
τ6k6Σ2kΣ
′2
k −
4
15
τ6k4Σ4kΣ
′2
k
]
,
Z10 =
∫
dK
[
−
4
5
τ3 +
19
30
τ4k2 +
8
15
τ4Σ2k −
2
9
τ4k4Σ′2k −
7
45
τ5k4 +
8
9
τ5k4Σ2kΣ
′2
k −
2
5
τ5k2Σ2k +
1
120
τ6k6 +
1
15
τ6k4Σ2k
−
1
30
τ6k6Σ2kΣ
′2
k −
4
15
τ6k4Σ4kΣ
′2
k
]
,
Z11 =
∫
dK
[
−
2
5
τ3 +
1
30
τ4k2 +
4
15
τ4Σ2k +
2
9
τ4k4Σ′2k −
1
30
τ5k4 −
2
3
τ5k4Σ2kΣ
′2
k +
2
5
τ5k2Σ2k +
1
120
τ6k6 −
1
15
τ6k4Σ2k
−
1
30
τ6k6Σ2kΣ
′2
k +
4
15
τ6k4Σ4kΣ
′2
k
]
,
Z12 =
∫
dK
[
16
15
τ3 −
2
5
τ4k2 −
14
15
τ4Σ2k +
2
9
τ4k4Σ′2k −
1
30
τ5k4 −
2
3
τ5k4Σ2kΣ
′2
k +
2
5
τ5k2Σ2k +
1
120
τ6k6 −
1
15
τ6k4Σ2k
−
1
30
τ6k6Σ2kΣ
′2
k +
4
15
τ6k4Σ4kΣ
′2
k
]
,
Z13 =
∫
dK
[
−
28
15
τ3 +
9
10
τ4k2 −
2
9
τ4k4Σ′2k +
4
5
τ4Σ2k −
7
45
τ5k4 +
8
9
τ5k4Σ2kΣ
′2
k −
2
5
τ5k2Σ2k +
1
120
τ6k6 +
1
15
τ6k4Σ2k
−
1
30
τ6k6Σ2kΣ
′2
k −
4
15
τ6k4Σ4kΣ
′2
k
]
,
Z14 =
∫
dK
[
13
15
τ3 +
23
60
τ4k2 −
7
15
τ4Σ2k −
2
9
τ4k4Σ′2k −
7
45
τ5k4 +
8
9
τ5k4Σ2kΣ
′2
k −
2
5
τ5k2Σ2k +
1
120
τ6k6 +
1
15
τ6k4Σ2k
38
−
1
30
τ6k6Σ2kΣ
′2
k −
4
15
τ6k4Σ4kΣ
′2
k
]
,
Z15 =
∫
dK
[
11
5
τ3 − 3τ3k2Σ′2k −
19
30
τ4k2 −
92
15
τ4Σ2k + 18τ
4k2Σ2kΣ
′2
k +
4
9
τ4k4Σ′2k +
11
5
τ5k2Σ2k +
8
5
τ5Σ4k −
4
3
τ5k4Σ2kΣ
′2
k
−12τ5k2Σ4kΣ
′2
k +
1
120
τ6k6 −
2
15
τ6k4Σ2k −
2
5
τ6k2Σ4k −
1
30
τ6k6Σ2kΣ
′2
k +
8
15
τ6k4Σ4kΣ
′2
k +
8
5
τ6k2Σ6kΣ
′2
k
]
,
Z16 =
∫
dK
[
−
11
5
τ3 + 3τ3k2Σ′2k +
13
10
τ4k2 +
92
15
τ4Σ2k − 18τ
4k2Σ2kΣ
′2
k −
4
9
τ4k4Σ′2k −
11
45
τ5k4 −
11
5
τ5k2Σ2k −
8
5
τ5Σ4k
+
16
9
τ5k4Σ2kΣ
′2
k + 12τ
5k2Σ4kΣ
′2
k +
1
120
τ6k6 +
2
15
τ6k4Σ2k +
2
5
τ6k2Σ4k −
1
30
τ6k6Σ2kΣ
′2
k −
8
15
τ6k4Σ4kΣ
′2
k −
8
5
τ6k2Σ6kΣ
′2
k
]
,
Z17 =
∫
dK
[
−
11
15
τ3 +
49
60
τ4k2 +
3
5
τ4Σ2k −
2
9
τ4k4Σ′2k −
17
90
τ5k4 +
10
9
τ5k4Σ2kΣ
′2
k −
8
15
τ5k2Σ2k +
1
90
τ6k6 +
4
45
τ6k4Σ2k
−
2
45
τ6k6Σ2kΣ
′2
k −
16
45
τ6k4Σ4kΣ
′2
k
]
,
Z18 =
∫
dK
[
−
29
15
τ3 +
67
60
τ4k2 +
11
15
τ4Σ2k −
2
9
τ4k4Σ′2k −
17
90
τ5k4 +
10
9
τ5k4Σ2kΣ
′2
k −
8
15
τ5k2Σ2k +
1
90
τ6k6 +
4
45
τ6k4Σ2k
−
2
45
τ6k6Σ2kΣ
′2
k −
16
45
τ6k4Σ4kΣ
′2
k
]
,
Z19 =
∫
dK
[
4
3
τ3 −
2
5
τ4k2 −
2
3
τ4Σ2k +
1
9
τ4k4Σ′2k −
1
45
τ5k4 −
4
9
τ5k4Σ2kΣ
′2
k +
4
15
τ5k2Σ2k +
1
180
τ6k6 −
2
45
τ6k4Σ2k
−
1
45
τ6k6Σ2kΣ
′2
k +
8
45
τ6k4Σ4kΣ
′2
k
]
,
Z20 =
∫
dK
[
−
4
5
τ3 + 2τ3k2Σ′2k +
7
10
τ4k2 +
58
15
τ4Σ2k − 12τ
4k2Σ2kΣ
′2
k −
2
9
τ4k4Σ′2k −
13
90
τ5k4 −
22
15
τ5k2Σ2k −
16
15
τ5Σ4k
+
10
9
τ5k4Σ2kΣ
′2
k + 8τ
5k2Σ4kΣ
′2
k +
1
180
τ6k6 +
4
45
τ6k4Σ2k +
4
15
τ6k2Σ4k −
1
45
τ6k6Σ2kΣ
′2
k −
16
45
τ6k4Σ4kΣ
′2
k −
16
15
τ6k2Σ6kΣ
′2
k
]
,
Z21 =
∫
dK
[
1
15
τ3 −
1
30
τ4k2 +
2
9
τ4k4Σ′2k −
4
15
τ4Σ2k −
1
45
τ5k4 −
4
9
τ5k4Σ2kΣ
′2
k +
4
15
τ5k2Σ2k +
1
180
τ6k6 −
2
45
τ6k4Σ2k
−
1
45
τ6k6Σ2kΣ
′2
k +
8
45
τ6k4Σ4kΣ
′2
k
]
,
Z22 =
∫
dK
[
− 2τ3k2Σ′2k +
4
5
τ3 −
58
15
τ4Σ2k −
1
5
τ4k2 + 12τ4k2Σ2kΣ
′2
k +
1
3
τ4k4Σ′2k +
22
15
τ5k2Σ2k +
16
15
τ5Σ4k −
8
9
τ5k4Σ2kΣ
′2
k
−8τ5k2Σ4kΣ
′2
k +
1
180
τ6k6 −
4
45
τ6k4Σ2k −
4
15
τ6k2Σ4k −
1
45
τ6k6Σ2kΣ
′2
k +
16
45
τ6k4Σ4kΣ
′2
k +
16
15
τ6k2Σ6kΣ
′2
k
]
,
Z23 =
∫
dK
[
−
1
15
τ3 −
1
10
τ4k2 +
2
9
τ4k4Σ′2k +
4
15
τ4Σ2k −
1
45
τ5k4 −
4
9
τ5k4Σ2kΣ
′2
k +
4
15
τ5k2Σ2k +
1
180
τ6k6 −
2
45
τ6k4Σ2k
−
1
45
τ6k6Σ2kΣ
′2
k +
8
45
τ6k4Σ4kΣ
′2
k
]
,
Z24 =
∫
dK
[
4τ2 − τ3k2 − 16τ3Σ2k +
4
3
τ4k2Σ2k +
16
3
τ4Σ4k
]
, Z25 =
∫
dK
[
4τ2 − τ3k2 − 4τ3Σ2k
]
,
Z26 =
∫
dK
[
2τ2 − 8τ3Σ2k +
2
3
τ4k2Σ2k +
8
3
τ4Σ4k
]
, Z27 =
∫
dK
[
2τ2
]
, Z28 =
∫
dK
[
− 4τ2 + τ3k2 + 4τ3Σ2k
]
,
Z29 =
∫
dK
[
2τ2
]
, Z30 =
∫
dK
[
−
1
3
τ3k2Σ′k
]
, Z31 =
∫
dK
[
−
1
3
τ3k2Σ′k
]
; ,
Z32 =
∫
dK
[
− 6τ3Σk +
2
3
τ3k2Σ′k +
4
3
τ4k2Σk +
8
3
τ4Σ3k −
2
9
τ4k4Σ′k
]
,
Z33 =
∫
dK
[
4τ3Σk +
4
3
τ3k2Σ′k −
4
3
τ4k2Σk −
8
3
τ4Σ3k −
2
9
τ4k4Σ′k
]
, Z34 =
∫
dK
[
4
3
τ3Σk +
1
3
τ3k2Σ′k
]
,
39
Z35 =
∫
dK
[
− 2τ3Σk +
1
3
τ3k2Σ′k
]
, Z36 =
∫
dK
[
−
2
3
τ3k2Σ′k
]
, Z37 =
∫
dK
[
2
3
τ3Σk
]
,
Z38 =
∫
dK
[
−
1
3
τ3k2Σ′k +
1
9
τ4k4Σ′k +
2
3
τ4k4ΣkΣ
′2
k −
2
3
τ4k2Σk +
1
9
τ5k4Σk −
4
9
τ5k4Σ3kΣ
′2
k
]
,
Z39 =
∫
dK
[
6τ3Σk − 10τ
3k2ΣkΣ
′2
k − 2τ
4k2Σk −
8
3
τ4Σ3k +
1
9
τ4k4Σ′k +
2
3
τ4k4ΣkΣ
′2
k +
40
3
τ4k2Σ3kΣ
′2
k +
1
9
τ5k4Σk
+
2
3
τ5k2Σ3k −
4
9
τ5k4Σ3kΣ
′2
k −
8
3
τ5k2Σ5kΣ
′2
k
]
,
Z40 =
∫
dK
[
− τ3k2Σ′k +
4
3
τ3Σk +
1
9
τ4k4Σ′k +
2
3
τ4k4ΣkΣ
′2
k −
2
3
τ4k2Σk +
1
9
τ5k4Σk −
4
9
τ5k4Σ3kΣ
′2
k
]
,
Z41 =
∫
dK
[
10τ3Σk −
8
3
τ4k2Σk −
40
3
τ4Σ3k +
1
9
τ5k4Σk +
4
3
τ5k2Σ3k +
8
3
τ5Σ5k
]
,
Z42 =
∫
dK
[
− 10τ3Σk +
4
3
τ4k2Σk +
40
3
τ4Σ3k +
1
9
τ5k4Σk −
4
3
τ5k2Σ3k −
8
3
τ5Σ5k
]
,
Z43 =
∫
dK
[
10τ3Σk − 2τ
4k2Σk −
40
3
τ4Σ3k +
1
9
τ5k4Σk +
4
3
τ5k2Σ3k +
8
3
τ5Σ5k
]
,
Z44 =
∫
dK
[
−
1
12
τ3 −
1
6
τ3ΣkΣ
′
k −
4
3
τ3k2Σ′2k +
29
120
τ4k2 +
1
3
τ4k2Σ2kΣ
′2
k −
29
540
τ5k4 +
19
90
τ5k4Σ2kΣ
′2
k −
1
135
τ5k4Σ3kΣ
′3
k
]
,
Z45 =
∫
dK
[
−
1
3
τ2Σ′2k +
2
3
τ3ΣkΣ
′
k +
5
6
τ3k2Σ′2k −
1
3
τ3k2ΣkΣ
′3
k −
2
5
τ3 +
4
3
τ3Σ2kΣ
′2
k +
7
45
τ4k2 −
8
45
τ4Σ2k +
4
9
τ4k2Σ3kΣ
′3
k
−
4
9
τ4Σ3kΣ
′
k −
1
3
τ4k2Σ2kΣ
′2
k −
4
9
τ4Σ4kΣ
′2
k +
1
270
τ5k4 +
1
45
τ5k2Σ2k −
1
45
τ5k4Σ2kΣ
′2
k −
2
135
τ5k4Σ3kΣ
′3
k −
2
15
τ5k2Σ4kΣ
′2
k
−
4
45
τ5k2Σ5kΣ
′3
k
]
,
Z46 =
∫
dK
[
7
36
τ3 +
5
6
τ3ΣkΣ
′
k −
5
18
τ4k2 −
2
9
τ4k2Σ2kΣ
′2
k +
1
9
τ4k4Σ′2k +
2
9
τ4k4ΣkΣ
′3
k +
1
18
τ5k4 −
2
9
τ5k4Σ2kΣ
′2
k
]
,
Z47 =
∫
dK
[
11
12
τ3 −
1
18
τ3ΣkΣ
′
k +
2
9
τ3k2Σ′2k −
113
360
τ4k2 −
1
9
τ4k2Σ2kΣ
′2
k +
31
540
τ5k4 −
7
30
τ5k4Σ2kΣ
′2
k −
1
135
τ5k4Σ3kΣ
′3
k
]
,
Z48 =
∫
dK
[
35
18
τ3 −
1
9
τ3ΣkΣ
′
k −
14
9
τ3k2Σ′2k −
211
180
τ4k2 −
4
3
τ4Σ2k +
85
18
τ4k2Σ2kΣ
′2
k +
1
9
τ4k4Σ′2k +
2
9
τ4k4ΣkΣ
′3
k
+
59
540
τ5k4 +
1
3
τ5k2Σ2k −
13
30
τ5k4Σ2kΣ
′2
k +
1
135
τ5k4Σ3kΣ
′3
k −
4
3
τ5k2Σ4kΣ
′2
k
]
,
Z49 =
∫
dK
[
1
36
τ3 −
1
18
τ3ΣkΣ
′
k +
5
9
τ3k2Σ′2k −
3
20
τ4k2 −
2
3
τ4k2Σ2kΣ
′2
k +
1
9
τ4k4Σ′2k +
2
9
τ4k4ΣkΣ
′3
k +
7
135
τ5k4
−
1
5
τ5k4Σ2kΣ
′2
k +
2
135
τ5k4Σ3kΣ
′3
k
]
,
Z50 =
∫
dK
[
−
2
45
τΣkΣ
′′′
k −
2
15
τΣ′kΣ
′′
k +
2
15
τ2ΣkΣ
′′
k +
7
15
τ2Σ′2k +
4
15
τ2Σ2kΣ
′
kΣ
′′
k +
4
15
τ2ΣkΣ
′3
k +
1
18
τ2k4Σ′′2k −
1
45
τ3
−
2
15
τ3ΣkΣ
′
k +
1
3
τ3k2Σ′2k −
4
15
τ3Σ2kΣ
′2
k +
4
9
τ3k2ΣkΣ
′3
k −
8
45
τ3Σ3kΣ
′3
k +
4
27
τ3k4Σ′4k −
1
18
τ4k4Σ′2k −
4
27
τ4k4ΣkΣ
′3
k
−
2
27
τ4k4Σ2kΣ
′4
k
]
,
Z51 =
∫
dK
[
1
135
τΣkΣ
′′′
k +
1
45
τΣ′kΣ
′′
k −
1
45
τ2ΣkΣ
′′
k −
1
45
τ2Σ′2k −
2
45
τ2Σ2kΣ
′
kΣ
′′
k −
2
45
τ2ΣkΣ
′3
k −
1
18
τ2k4Σ′′2k −
22
135
τ3
+
1
45
τ3ΣkΣ
′
k −
1
9
τ3k2Σ′2k +
2
45
τ3Σ2kΣ
′2
k +
4
135
τ3Σ3kΣ
′3
k −
4
27
τ3k4Σ′4k +
1
24
τ4k2 +
1
18
τ4k4Σ′2k −
1
6
τ4k2Σ2kΣ
′2
k
+
4
27
τ4k4ΣkΣ
′3
k +
2
27
τ4k4Σ2kΣ
′4
k
]
,
40
Z52 =
∫
dK
[
1
135
τΣkΣ
′′′
k +
1
45
τΣ′kΣ
′′
k −
1
45
τ2ΣkΣ
′′
k −
1
45
τ2Σ′2k −
2
45
τ2Σ2kΣ
′
kΣ
′′
k −
2
45
τ2ΣkΣ
′3
k −
1
18
τ2k4Σ′′2k +
1
270
τ3
+
1
45
τ3ΣkΣ
′
k −
1
9
τ3k2Σ′2k +
2
45
τ3Σ2kΣ
′2
k +
4
135
τ3Σ3kΣ
′3
k −
4
27
τ3k4Σ′4k +
1
18
τ4k4Σ′2k +
4
27
τ4k4ΣkΣ
′3
k +
2
27
τ4k4Σ2kΣ
′4
k
]
,
Z53 =
∫
dK
[
−
1
18
τ3 +
17
180
τ4k2 −
1
18
τ4k2Σ2kΣ
′2
k −
4
81
τ4k4ΣkΣ
′3
k +
1
162
τ4k6Σ′4k +
1
54
τ4k6Σ2kΣ
′′2
k −
1
36
τ5k4
+
29
270
τ5k4Σ2kΣ
′2
k +
29
405
τ5k4Σ3kΣ
′3
k +
1
81
τ5k6ΣkΣ
′3
k +
2
81
τ5k6Σ2kΣ
′4
k +
1
540
τ6k6 −
2
135
τ6k6Σ2kΣ
′2
k −
8
405
τ6k6Σ3kΣ
′3
k
−
4
405
τ6k6Σ4kΣ
′4
k
]
,
Z54 =
∫
dK
[
−
1
6
τ3 +
5
36
τ4k2 −
1
6
τ4k2Σ2kΣ
′2
k −
4
81
τ4k4ΣkΣ
′3
k +
1
162
τ4k6Σ′4k +
1
54
τ4k6Σ2kΣ
′′2
k −
17
540
τ5k4
+
7
54
τ5k4Σ2kΣ
′2
k +
7
81
τ5k4Σ3kΣ
′3
k +
1
81
τ5k6ΣkΣ
′3
k +
2
81
τ5k6Σ2kΣ
′4
k +
1
540
τ6k6 −
2
135
τ6k6Σ2kΣ
′2
k −
8
405
τ6k6Σ3kΣ
′3
k
−
4
405
τ6k6Σ4kΣ
′4
k
]
,
Z55 =
∫
dK
[
1
18
τ2k4Σ′′2k −
1
5
τ3 +
1
2
τ3k2Σ′2k +
11
9
τ3k2ΣkΣ
′3
k −
2
9
τ3k4Σ2kΣ
′′2
k +
2
27
τ3k4Σ′4k +
37
180
τ4k2 +
11
45
τ4Σ2k
−
1
18
τ4k4Σ′2k −
14
9
τ4k2Σ2kΣ
′2
k −
26
81
τ4k4ΣkΣ
′3
k −
44
27
τ4k2Σ3kΣ
′3
k +
1
108
τ4k6Σ2kΣ
′′2
k +
1
324
τ4k6Σ′4k +
2
27
τ4k4Σ4kΣ
′′2
k
−
4
9
τ4k4Σ2kΣ
′4
k −
1
30
τ5k4 −
1
9
τ5k2Σ2k +
41
135
τ5k4Σ2kΣ
′2
k +
22
45
τ5k2Σ4kΣ
′2
k +
1
162
τ5k6ΣkΣ
′3
k +
182
405
τ5k4Σ3kΣ
′3
k
+
44
135
τ5k2Σ5kΣ
′3
k +
1
81
τ5k6Σ2kΣ
′4
k +
8
27
τ5k4Σ4kΣ
′4
k +
1
1080
τ6k6 +
1
135
τ6k4Σ2k −
1
135
τ6k6Σ2kΣ
′2
k −
8
135
τ6k4Σ4kΣ
′2
k Σ
′3
k
−
4
405
τ6k6Σ3kΣ
′3
k −
32
405
τ6k4Σ5k −
2
405
τ6k6Σ4kΣ
′4
k −
16
405
τ6k4Σ6kΣ
′4
k
]
,
Z56 =
∫
dK
[
−
1
18
τ3 +
5
72
τ4k2 −
1
18
τ4k2Σ2kΣ
′2
k −
4
81
τ4k4ΣkΣ
′3
k +
1
162
τ4k6Σ′4k +
1
54
τ4k6Σ2kΣ
′′2
k −
1
45
τ5k4
+
2
27
τ5k4Σ2kΣ
′2
k +
4
81
τ5k4Σ3kΣ
′3
k +
1
81
τ5k6ΣkΣ
′3
k +
2
81
τ5k6Σ2kΣ
′4
k +
1
540
τ6k6 −
2
135
τ6k6Σ2kΣ
′2
k −
8
405
τ6k6Σ3kΣ
′3
k
−
4
405
τ6k6Σ4kΣ
′4
k
]
,
Z57 =
∫
dK
[
−
1
36
τ3 +
5
144
τ4k2 −
1
36
τ4k2Σ2kΣ
′2
k −
2
81
τ4k4ΣkΣ
′3
k +
1
324
τ4k6Σ′4k +
1
108
τ4k6Σ2kΣ
′′2
k −
1
90
τ5k4
+
1
27
τ5k4Σ2kΣ
′2
k +
2
81
τ5k4Σ3kΣ
′3
k +
1
162
τ5k6ΣkΣ
′3
k +
1
81
τ5k6Σ2kΣ
′4
k +
1
1080
τ6k6 −
1
135
τ6k6Σ2kΣ
′2
k −
4
405
τ6k6Σ3kΣ
′3
k
−
2
405
τ6k6Σ4kΣ
′4
k
]
,
Z58 =
∫
dK
[
−
1
36
τ3 +
5
144
τ4k2 −
1
36
τ4k2Σ2kΣ
′2
k −
2
81
τ4k4ΣkΣ
′3
k +
1
324
τ4k6Σ′4k +
1
108
τ4k6Σ2kΣ
′′2
k −
1
90
τ5k4
+
1
27
τ5k4Σ2kΣ
′2
k +
2
81
τ5k4Σ3kΣ
′3
k +
1
162
τ5k6ΣkΣ
′3
k +
1
81
τ5k6Σ2kΣ
′4
k +
1
1080
τ6k6 −
1
135
τ6k6Σ2kΣ
′2
k −
4
405
τ6k6Σ3kΣ
′3
k
−
2
405
τ6k6Σ4kΣ
′4
k
]
,
Z59 =
∫
dK
[
1
18
τ2k4Σ′′2k −
2
5
τ3 +
2
9
τ3k2ΣkΣ
′3
k +
2
27
τ3k4Σ′4k −
2
9
τ3k4Σ2kΣ
′′2
k +
31
180
τ4k2 −
5
9
τ4k2Σ2kΣ
′2
k −
8
27
τ4k2Σ3kΣ
′3
k
−
1
18
τ4k4Σ′2k −
26
81
τ4k4ΣkΣ
′3
k −
4
9
τ4k4Σ2kΣ
′4
k +
2
45
τ4Σ2k +
1
324
τ4k6Σ′4k +
1
108
τ4k6Σ2kΣ
′′2
k +
2
27
τ4k4Σ4kΣ
′′2
k
−
1
45
τ5k4 +
32
135
τ5k4Σ2kΣ
′2
k +
164
405
τ5k4Σ3kΣ
′3
k +
8
27
τ5k4Σ4kΣ
′4
k −
2
45
τ5k2Σ2k +
4
45
τ5k2Σ4kΣ
′2
k +
8
135
τ5k2Σ5kΣ
′3
k
41
+
1
162
τ5k6ΣkΣ
′3
k +
1
81
τ5k6Σ2kΣ
′4
k +
1
1080
τ6k6 −
1
135
τ6k6Σ2kΣ
′2
k −
4
405
τ6k6Σ3kΣ
′3
k −
2
405
τ6k6Σ4kΣ
′4
k +
1
135
τ6k4Σ2k
−
8
135
τ6k4Σ4kΣ
′2
k −
32
405
τ6k4Σ5kΣ
′3
k −
16
405
τ6k4Σ6kΣ
′4
k
]
,
Z60 =
∫
dK
[
5
18
τ3 −
1
20
τ4k2 +
5
18
τ4k2Σ2kΣ
′2
k −
2
81
τ4k4ΣkΣ
′3
k +
1
324
τ4k6Σ′4k +
1
108
τ4k6Σ2kΣ
′′2
k −
1
108
τ5k4
+
7
270
τ5k4Σ2kΣ
′2
k +
7
405
τ5k4Σ3kΣ
′3
k +
1
162
τ5k6ΣkΣ
′3
k +
1
81
τ5k6Σ2kΣ
′4
k +
1
1080
τ6k6 −
1
135
τ6k6Σ2kΣ
′2
k
−
4
405
τ6k6Σ3kΣ
′3
k −
2
405
τ6k6Σ4kΣ
′4
k
]
,
Z61 =
∫
dK
[
1
18
τ2k4Σ′′2k +
2
9
τ3k2ΣkΣ
′3
k −
1
15
τ3 +
2
27
τ3k4Σ′4k −
2
9
τ3k4Σ2kΣ
′′2
k +
4
45
τ4k2 −
2
9
τ4k2Σ2kΣ
′2
k
−
8
27
τ4k2Σ3kΣ
′3
k −
1
18
τ4k4Σ′2k −
26
81
τ4k4ΣkΣ
′3
k −
4
9
τ4k4Σ2kΣ
′4
k +
2
45
τ4Σ2k +
1
324
τ4k6Σ′4k +
1
108
τ4k6Σ2kΣ
′′2
k
+
2
27
τ4k4Σ4kΣ
′′2
k −
1
45
τ5k4 +
32
135
τ5k4Σ2kΣ
′2
k +
164
405
τ5k4Σ3kΣ
′3
k +
8
27
τ5k4Σ4kΣ
′4
k −
2
45
τ5k2Σ2k +
4
45
τ5k2Σ4kΣ
′2
k
+
8
135
τ5k2Σ5kΣ
′3
k +
1
162
τ5k6ΣkΣ
′3
k +
1
81
τ5k6Σ2kΣ
′4
k +
1
1080
τ6k6 −
1
135
τ6k6Σ2kΣ
′2
k −
4
405
τ6k6Σ3kΣ
′3
k
−
2
405
τ6k6Σ4kΣ
′4
k +
1
135
τ6k4Σ2k −
8
135
τ6k4Σ4kΣ
′2
k −
32
405
τ6k4Σ5kΣ
′3
k −
16
405
τ6k4Σ6kΣ
′4
k
]
,
Z62 =
∫
dK
[
1
45
τ4k2 −
4
81
τ4k4ΣkΣ
′3
k +
1
162
τ4k6Σ′4k +
1
54
τ4k6Σ2kΣ
′′2
k −
2
135
τ5k4 +
4
135
τ5k4Σ2kΣ
′2
k
+
8
405
τ5k4Σ3kΣ
′3
k +
1
81
τ5k6ΣkΣ
′3
k +
2
81
τ5k6Σ2kΣ
′4
k +
1
540
τ6k6 −
2
135
τ6k6Σ2kΣ
′2
k −
8
405
τ6k6Σ3kΣ
′3
k −
4
405
τ6k6Σ4kΣ
′4
k
]
,
Z63 =
∫
dK
[
1
18
τ3 −
1
90
τ4k2 +
1
18
τ4k2Σ2kΣ
′2
k −
2
81
τ4k4ΣkΣ
′3
k +
1
324
τ4k6Σ′4k +
1
108
τ4k6Σ2kΣ
′′2
k −
1
180
τ5k4
+
1
270
τ5k4Σ2kΣ
′2
k +
1
405
τ5k4Σ3kΣ
′3
k +
1
162
τ5k6ΣkΣ
′3
k +
1
81
τ5k6Σ2kΣ
′4
k +
1
1080
τ6k6 −
1
135
τ6k6Σ2kΣ
′2
k
−
4
405
τ6k6Σ3kΣ
′3
k −
2
405
τ6k6Σ4kΣ
′4
k
]
,
Z64 =
∫
dK
[
−
1
9
τ3k2Σ′k +
4
9
τ3k2ΣkΣ
′2
k −
2
9
τ3k4Σ′3k +
1
9
τ4k4Σ′k +
2
9
τ4k4ΣkΣ
′2
k
]
,
Z65 =
∫
dK
[
4
3
τ3Σk −
7
9
τ3k2Σ′k −
20
9
τ3k2ΣkΣ
′2
k −
2
9
τ3k4Σ′3k −
1
3
τ4k2Σk +
1
9
τ4k4Σ′k +
2
9
τ4k4ΣkΣ
′2
k +
4
3
τ4k2Σ3kΣ
′2
k
]
,
Z66 =
∫
dK
[
−
4
9
τ3k2Σ′k −
2
9
τ3k2ΣkΣ
′2
k −
2
9
τ3k4Σ′3k +
1
9
τ4k4Σ′k +
2
9
τ4k4ΣkΣ
′2
k
]
,
Z67 =
∫
dK
[
5
3
τ2 − τ2k2Σ′2k −
4
3
τ3Σ2k −
1
3
τ3k2 + 4τ3k2Σ2kΣ
′2
k +
1
3
τ4k2Σ2k −
4
3
τ4k2Σ4kΣ
′2
k
]
,
Z68 =
∫
dK
[
τ2 + τ2k2Σ′2k
]
,
Z69 =
∫
dK
[
1
3
τ3 +
2
3
τ3k2Σ′2k −
2
3
τ3k2ΣkΣ
′3
k
]
,
Z70 =
∫
dK
[
− τ2ΣkΣ
′′
k − τ
2Σ′2k +
5
3
τ3ΣkΣ
′
k −
1
2
τ3 + 4τ3Σ2kΣ
′2
k − τ
3k2Σ′2k +
2
3
τ3Σ3kΣ
′′
k +
1
6
τ4k2 +
1
3
τ4Σ2k
+
4
3
τ4k2Σ2kΣ
′2
k −
4
3
τ4Σ3kΣ
′
k −
4
3
τ4Σ4kΣ
′2
k +
2
9
τ4k4Σ′2k
]
,
Z71 =
∫
dK
[
13
6
τ3 +
1
3
τ3ΣkΣ
′
k +
1
3
τ3k2Σ′2k −
7
12
τ4k2 −
4
3
τ4Σ2k −
5
3
τ4k2Σ2kΣ
′2
k +
2
9
τ4k4Σ′2k
]
,
Z72 =
∫
dK
[
− 2τ3 + τ3ΣkΣ
′
k − 3τ
3k2Σ′2k +
13
24
τ4k2 +
4
3
τ4Σ2k +
11
6
τ4k2Σ2kΣ
′2
k +
2
9
τ4k4Σ′2k
]
,
42
Z73 =
∫
dK
[
−
11
12
τ3 +
2
3
τ3k2Σ′2k +
23
48
τ4k2 +
2
3
τ4Σ2k +
1
12
τ4k2Σ2kΣ
′2
k +
1
9
τ4k4Σ′2k
]
,
Z74 =
∫
dK
[
1
12
τ4k2 +
1
3
τ4Σ2k −
1
9
τ4k4Σ′2k +
2
3
τ4k2Σ2kΣ
′2
k
]
,
Z75 =
∫
dK
[
−
1
3
τΣ′′k +
2
3
τ2Σ′k + 2τ
2ΣkΣ
′2
k +
2
3
τ2Σ2kΣ
′′
k + 2τ
3k2ΣkΣ
′2
k −
4
3
τ3Σ2kΣ
′
k +
2
3
τ3Σk −
4
3
τ3Σ3kΣ
′2
k
]
,
Z76 =
∫
dK
[
−
2
3
τ2Σ′k + 2τ
3Σk −
8
9
τ3k2Σ′k +
20
9
τ3k2ΣkΣ
′2
k
]
,
Z77 =
∫
dK
[
−
2
3
τ2Σ′k +
1
9
τ3k2Σ′k +
2
9
τ3k2ΣkΣ
′2
k
]
,
Z78 =
∫
dK
[
−
2
3
τ3 −
1
6
τ3k2Σ′2k +
43
120
τ4k2 −
1
18
τ4k4Σ′2k −
1
9
τ4k4ΣkΣ
′3
k −
11
180
τ5k4 +
23
90
τ5k4Σ2kΣ
′2
k +
1
45
τ5k4Σ3kΣ
′3
k
]
,
Z79 =
∫
dK
[
31
15
τ3 − τ3k2Σ′2k + 2τ
3k2ΣkΣ
′3
k −
13
30
τ4k2 +
2
5
τ4Σ2k −
8
3
τ4k2Σ3kΣ
′3
k −
1
45
τ5k4 −
2
15
τ5k2Σ2k
+
2
15
τ5k4Σ2kΣ
′2
k +
4
5
τ5k2Σ4kΣ
′2
k +
4
45
τ5k4Σ3kΣ
′3
k +
8
15
τ5k2Σ5kΣ
′3
k
]
,
Z80 =
∫
dK
[
−
4
3
τ3 +
5
6
τ3k2Σ′2k +
3
40
τ4k2 −
4
3
τ4k2Σ2kΣ
′2
k +
1
18
τ4k4Σ′2k +
1
9
τ4k4ΣkΣ
′3
k +
7
180
τ5k4 −
11
90
τ5k4Σ2kΣ
′2
k
+
1
15
τ5k4Σ3kΣ
′3
k
]
,
Z81 =
∫
dK
[
8
3
τ3 − 2τ3k2Σ′2k −
6
5
τ4k2 −
4
3
τ4Σ2k + 5τ
4k2Σ2kΣ
′2
k +
1
9
τ4k4Σ′2k +
2
9
τ4k4ΣkΣ
′3
k +
1
10
τ5k4 +
1
3
τ5k2Σ2k
−
17
45
τ5k4Σ2kΣ
′2
k +
2i
45
τ5k4Σ3kΣ
′3
k −
4
3
τ5k2Σ4kΣ
′2
k
]
,
Z82 =
∫
dK
[
− 6τ3Σk −
2
3
τ3k2Σ′k +
4
3
τ4k2Σk +
8
3
τ4Σ3k
]
,
Z83 =
∫
dK
[
−
20
3
τ3Σk +
4
3
τ3k2Σ′k +
4
3
τ4k2Σk +
8
3
τ4Σ3k
]
,
Z84 =
∫
dK
[
17
15
τ3 −
47
60
τ4k2 −
73
15
τ4Σ2k +
1
9
τ5k4 + τ5k2Σ2k +
4
3
τ5Σ4k
]
,
Z85 =
∫
dK
[
−
8
5
τ3 +
11
30
τ4k2 +
76
15
τ4Σ2k − τ
5k2Σ2k −
4
3
τ5Σ4k
]
,
Z86 =
∫
dK
[
46
15
τ3 −
43
30
τ4k2 −
28
5
τ4Σ2k +
1
9
τ5k4 + τ5k2Σ2k +
4
3
τ5Σ4k
]
,
Z87 =
∫
dK
[
4
5
τ3 +
2
15
τ4k2 −
26
5
τ4Σ2k −
1
9
τ5k4 + τ5k2Σ2k +
4
3
τ5Σ4k
]
,
Z88 =
∫
dK
[
− 4τ2Σk +
8
3
τ3Σ3k
]
, Z89 =
∫
dK
[
− 4τ2Σk
]
, Z90 = 0 Z91 = 0 ,
Z92 =
∫
dK
[
6τ3Σk − 10τ
3k2ΣkΣ
′2
k − 2τ
4k2Σk −
8
3
τ4Σ3k +
4
9
τ4k4ΣkΣ
′2
k +
40
3
τ4k2Σ3kΣ
′2
k +
1
9
τ5k4Σk +
2
3
τ5k2Σ3k
−
4
9
τ5k4Σ3kΣ
′2
k −
8
3
τ5k2Σ5kΣ
′2
k
]
,
Z93 =
∫
dK
[
−
2
3
τ3Σk +
4
9
τ4k4ΣkΣ
′2
k −
2
3
τ4k2Σk +
1
9
τ5k4Σk −
4
9
τ5k4Σ3kΣ
′2
k
]
,
Z94 =
∫
dK
[
2
3
τ3Σk +
4
9
τ4k4ΣkΣ
′2
k −
2
3
τ4k2Σk +
1
9
τ5k4Σk −
4
9
τ5k4Σ3kΣ
′2
k
]
, (B1)
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where ∫
dK ≡ Nc
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)
∫ ∞
1
Λ2
dτ
τ
, X =
1
k2 +Σ2k
, (B2)
∫ ∞
1
Λ2
dτ
τ
e−τ(k
2+Σ2k)τ = Xe−
(k2+Σ2
k
)
Λ2 , (B3)
∫ ∞
1
Λ2
dτ
τ
e−τ(k
2+Σ2k)τ2 =
(
X2 +
X
Λ2
)
e−
(k2+Σ2
k
)
Λ2 , (B4)
∫ ∞
1
Λ2
dτ
τ
e−τ(k
2+Σ2k)τ3 =
(
2X3 + 2
X2
Λ2
+
X
Λ4
)
e−
(k2+Σ2
k
)
Λ2 , (B5)
∫ ∞
1
Λ2
dτ
τ
e−τ(k
2+Σ2k)τ4 =
(
6X4 + 6
X3
Λ2
+ 3
X2
Λ4
+
X
Λ6
)
e−
(k2+Σ2
k
)
Λ2 , (B6)
∫ ∞
1
Λ2
dτ
τ
e−τ(k
2+Σ2k)τ5 =
(
24X5 + 24
X4
Λ2
+ 12
X3
Λ4
+ 4
X2
Λ6
+
X
Λ8
)
e−
(k2+Σ2
k
)
Λ2 , (B7)
∫ ∞
1
Λ2
dτ
τ
e−τ(k
2+Σ2k)τ6 =
(
120X6 + 120
X5
Λ2
+ 60
X4
Λ4
+ 20
X3
Λ6
+ 5
X2
Λ8
+
X
Λ10
)
e−
(k2+Σ2
k
)
Λ2 . (B8)
As we mentioned before, since the momentum integrations in (B1) are convergent due to suppression factor e−τk
2
, the
integrand is only accurate up to some total derivatives , but if we insist on taking the limit of Λ→∞, the dropping out
momentum space total derivatives becomes problematic. We choose these momentum space total derivatives to reduce
the high order self energy derivatives as much as possible. For example, following relation with m,m0,m1,m2,m3,m4
being zero or positive integers can be used to reduce the term with a Σ′′′′′k to the terms with lower order self energy
derivatives,
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn(k2+mΣm0k Σ
′m1
k Σ
′′m2
k Σ
′′′m3
k Σ
′′′′m4
k Σ
′′′′′
k )
=
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn
(
−
4 +m
2(m4 + 1)
kmΣm0k Σ
′m1
k Σ
′′m2
k Σ
′′′m3
k Σ
′′′′m4+1
k
−
m0
m4 + 1
k2+mΣm0−1k Σ
′m1+1
k Σ
′′m2
k Σ
′′′m3
k Σ
′′′′m4+1
k −
m1
m4 + 1
k2+mΣm0k Σ
′m1−1
k Σ
′′m2+1
k Σ
′′′m3
k Σ
′′′′m4+1
k
−
m2
m4 + 1
k2+mΣm0k Σ
′m1
k Σ
′′m2−1
k Σ
′′′m3+1
k Σ
′′′′m4+1
k −
m3
m4 + 1
k2+mΣm0k Σ
′m1
k Σ
′′m2
k Σ
′′′m3−1
k Σ
′′′′m4+2
k
+
1
m4 + 1
τk2+mΣm0k Σ
′m1
k Σ
′′m2
k Σ
′′′m3
k Σ
′′′′m4+1
k +
2
m4 + 1
τk2+mΣm0+1k Σ
′m1+1
k Σ
′′m2
k Σ
′′′m3
k Σ
′′′′m4+1
k
)
(B9)
Similarly, we have a series relations to reduce the term with a Σ′′′′k , or a Σ
′′′
k , a Σ
′′
k, a Σ
′
k to the terms with lower order
self energy derivatives,
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn(k2+mΣm0k Σ
′m1
k Σ
′′m2
k Σ
′′′m3
k Σ
′′′′
k )
=
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn
(
−
4 +m
2(m3 + 1)
kmΣm0k Σ
′m1
k Σ
′′m2
k Σ
′′′m3+1
k −
m0
m3 + 1
k2+mΣm0−1k Σ
′m1+1
k Σ
′′m2
k Σ
′′′m3+1
k
−
m1
m3 + 1
k2+mΣm0k Σ
′m1−1
k Σ
′′m2+1
k Σ
′′′m3+1
k −
m2
m3 + 1
k2+mΣm0k Σ
′m1
k Σ
′′m2−1
k Σ
′′′m3+2
k
+
1
m3 + 1
τk2+mΣm0k Σ
′m1
k Σ
′′m2
k Σ
′′′m3+1
k +
2
m3 + 1
τk2+mΣm0+1k Σ
′m1+1
k Σ
′′m2
k Σ
′′′m3+1
k
)
(B10)
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn(k2+mΣm0k Σ
′m1
k Σ
′′m2
k Σ
′′′
k )
=
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn
(
−
4 +m
2(m2 + 1)
kmΣm0k Σ
′m1
k Σ
′′m2+1
k −
m0
m2 + 1
k2+mΣm0−1k Σ
′m1+1
k Σ
′′m2+1
k (B11)
−
m1
m2 + 1
k2+mΣm0k Σ
′m1−1
k Σ
′′m2+2
k +
1
m2 + 1
τk2+mΣm0k Σ
′m1
k Σ
′′m2+1
k +
2
m2 + 1
τk2+mΣm0+1k Σ
′m1+1
k Σ
′′m2+1
k
)
44
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn(k2+mΣm0k Σ
′m1
k Σ
′′
k)
=
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn
(
−
4 +m
2(m1 + 1)
kmΣm0k Σ
′m1+1
k −
m0
m1 + 1
k2+mΣm0−1k Σ
′m1+2
k
+
1
m1 + 1
τk2+mΣm0k Σ
′m1+1
k +
2
m1 + 1
τk2+mΣm0+1k Σ
′m1+2
k
)
(B12)
∫
d4k
(2pi)4
τn+1k2+mΣm0+1k Σ
′
k
=
∫
d4k
(2pi)4
e−τ(k
2+Σ2k)τn
(
(1 +
m
4
)kmΣm0k +
1
2
m0k
m+2Σm0−1k Σ
′
k −
1
2
τk2+mΣm0k
)
. (B13)
With the help of above relations, the highest self energy derivatives appear in the final result (B1) is Σ′′′k .
APPENDIX C: RELATIONS AMONG Ki AND Zi
K2 = K4 = K6 = K8 = K9 = K10 = K12 = K14 = K15 = K16 = K18 = K20 = K21 = K22 = K26 = K27 = K29
= K32 = K35 = K38 = K40 = K45 = K48 = K50 = K51 = K53 = K55 = K56 = K57 = K59 = K61 = K62 = K63
= K65 = K69 = K70 = K72 = K74 = K77 = K79 = K80 = K82 = K84 = K87 = K88 = K91 = K93 = K96 = K98
= K99 = K103 = K106 = K108 = 0 ,
K1 =
1
64
Z7 +
1
64
Z8 −
1
32
Z10 −
1
64
Z13 −
1
32
Z14 +
1
32
Z15 −
1
64
Z16 +
1
32
Z44 +
1
32
Z45 −
1
16
Z47 −
1
32
Z48 +
1
32
Z49
+
1
32
Z50 −
1
16
Z51 −
1
32
Z52 −
1
8
Z54 −
1
4
Z55 −
7
32
Z59 −
7
32
Z60 −
7
32
Z61 −
5
32
Z62 −
3
32
Z63 +
1
64
Z79 −
1
32
Z80
−
3
64
Z81 ,
K3 = −
1
64
Z11 −
1
64
Z15 +
1
64
Z22 +
1
64
Z23 +
1
64
Z47 −
1
64
Z49 +
1
32
Z54 +
1
16
Z55 +
1
16
Z59 +
1
16
Z60 +
1
16
Z61 +
3
64
Z62
+
1
32
Z63 +
1
64
Z80 +
1
64
Z81 ,
K5 = −
3
128
Z10 −
1
128
Z13 −
1
64
Z14 +
3
128
Z15 −
1
128
Z16 +
1
64
Z18 +
1
64
Z19 +
1
64
Z20 +
1
32
Z44 +
1
32
Z45 −
3
64
Z47
−
1
32
Z48 +
1
64
Z49 +
1
32
Z50 −
1
16
Z51 −
1
32
Z52 −
3
32
Z54 −
3
16
Z55 −
5
32
Z59 −
5
32
Z60 −
5
32
Z61 −
7
64
Z62
−
1
16
Z63 +
1
64
Z79 −
1
64
Z80 −
1
32
Z81 ,
K7 =
1
32B0
Z38 +
1
32B0
Z39 +
1
64B0
Z41 +
1
64B0
Z83 ,
K11 =
1
32B0
Z38 +
1
32B0
Z39 +
1
64B0
Z43 +
1
32B0
Z75 +
1
32B0
Z82 ,
K13 = −
1
16B0
Z38 −
1
16B0
Z39 +
1
64B0
Z42 −
1
32B0
Z75 −
1
32B0
Z82 −
1
64B0
Z83 ,
K17 = −
1
32B0
Z38 −
1
32B0
Z39 +
1
64B0
Z92 +
1
64B0
Z93 ,
K19 =
1
64B20
Z24 −
1
32
63∑
n=53
Zn +
1
32B0
Z64 +
1
32B0
Z65 +
1
32B0
Z66 −
1
32B20
Z68 ,
K23 =
1
64B20
Z26 −
1
32
63∑
n=53
Zn +
1
32B0
Z64 +
1
32B0
Z65 +
1
32B0
Z66 −
1
32B20
Z68 ,
K24 =
1
16Nf
63∑
n=53
Zn −
1
16NfB0
Z64 −
1
16NfB0
Z65 −
1
16NfB0
Z66 ,
45
K25 =
1
64B30
Z88 ,
K28 =
1
64
Z9 +
1
128
Z10 +
1
64
Z11 +
1
64
Z12 +
1
128
Z13 +
1
64
Z14 +
1
128
Z15 +
1
128
Z16 +
1
64B0
Z32 +
1
64B0
Z33
−
1
64B0
Z34 −
1
64B0
Z35 −
1
64
Z46 −
1
64
Z48 −
1
64
Z49 +
1
64
Z50 −
1
32
Z51 −
1
64
Z52 −
1
64
Z53 −
1
32
Z54
−
1
32
Z55 −
1
64
Z56 −
1
32
Z57 −
1
32
63∑
n=59
Zn +
1
64B0
Z64 +
1
64B0
Z65 −
1
64B0
Z76 ,
K30 = −
1
32Nf
Z9 −
1
16Nf
Z10 −
1
32Nf
Z11 −
1
32Nf
Z12 −
1
32Nf
Z13 −
1
16Nf
Z14 +
1
32Nf
Z15 −
1
32Nf
Z16
−
1
32Nf
Z17 +
1
16Nf
Z44 +
1
16Nf
Z45 −
3
32Nf
Z47 −
1
16Nf
Z48 +
1
32Nf
Z49 +
1
16Nf
Z50 −
1
8Nf
Z51
−
1
16Nf
Z52 −
3
16Nf
Z54 −
3
8Nf
Z55 −
5
16Nf
Z59 −
5
16Nf
Z60 −
5
16Nf
Z61 −
7
32Nf
Z62 −
1
8Nf
Z63
+
1
32Nf
Z79 −
1
32Nf
Z80 −
1
16Nf
Z81 ,
K31 =
3
64
Z10 +
1
64
Z13 +
1
32
Z14 −
3
64
Z15 +
1
64
Z16 +
1
32
Z17 +
1
32B0
Z32 −
1
32B0
Z37 +
1
32B0
Z38 +
1
32B0
Z39 −
1
16
Z44
−
1
16
Z45 +
1
32
Z46 +
3
32
Z47 +
3
32
Z48 −
3
32
Z50 +
3
16
Z51 +
3
32
Z52 +
1
32
Z53 +
1
4
Z54 +
7
16
Z55 +
1
32
Z56 +
1
16
Z57
+
3
8
Z59 +
3
8
Z60 +
3
8
Z61 +
9
32
Z62 +
3
16
Z63 −
1
32B0
Z64 −
1
32B0
Z65 +
3
64B0
Z76 −
1
32
Z79 +
1
32
Z80 +
1
16
Z81 ,
K33 = −
1
64
Z6 −
1
32
Z10 −
1
64
Z13 −
1
32
Z14 +
1
32
Z15 −
1
64
Z16 −
1
64B20
Z25 −
1
32B20
Z28 +
1
32B20
Z29 +
1
64B0
Z30
+
1
64B0
Z31 −
1
32B0
Z32 −
1
32B0
Z38 −
1
32B0
Z39 −
1
32B0
Z40 +
1
32
Z44 +
1
32
Z45 −
1
32
Z46 −
1
16
Z47 −
1
16
Z48
+
1
16
Z50 −
1
8
Z51 −
1
16
Z52 −
3
32
Z53 −
1
4
Z54 −
3
8
Z55 −
3
32
Z56 −
1
8
Z57 −
1
16
Z58 −
11
32
Z59 −
11
32
Z60 −
11
32
Z61
−
9
32
Z62 −
7
32
Z63 +
3
32B0
Z64 +
3
32B0
Z65 +
1
16B0
Z66 −
1
32B20
Z67 −
1
16B20
Z68 −
1
32B0
Z76 +
1
64
Z79
−
1
32
Z80 −
3
64
Z81 ,
K34 =
1
32Nf
Z6 +
1
16Nf
Z10 +
1
32Nf
Z11 +
1
32Nf
Z13 +
1
16Nf
Z14 −
1
32Nf
Z15 +
1
32Nf
Z16 +
1
32Nf
Z21
−
1
64NfB0
Z30 −
1
64NfB0
Z31 +
1
32NfB0
Z32 +
1
64NfB0
Z33 −
1
64NfB0
Z36 +
1
16NfB0
Z38 +
1
16NfB0
Z39
+
1
16NfB0
Z40 −
1
16Nf
Z44 −
1
16Nf
Z45 +
3
32Nf
Z47 +
1
16Nf
Z48 −
1
32Nf
Z49 −
1
16Nf
Z50 +
1
8Nf
Z51
+
1
16Nf
Z52 +
1
8Nf
Z53 +
5
16Nf
Z54 +
1
2Nf
Z55 +
1
8Nf
Z56 +
1
8Nf
Z57 +
1
8Nf
Z58 +
7
16Nf
Z59 +
7
16Nf
Z60
+
7
16Nf
Z61 +
11
32Nf
Z62 +
1
4Nf
Z63 −
1
8NfB0
Z64 −
1
8NfB0
Z65 −
1
8NfB0
Z66 −
1
32Nf
Z79 +
1
32Nf
Z80
+
1
16Nf
Z81 ,
K36 = −
1
64N2f
Z6 −
1
32N2f
Z10 −
1
64N2f
Z11 −
1
64N2f
Z13 −
1
32N2f
Z14 +
1
64N2f
Z15 −
1
64N2f
Z16 −
1
64N2f
Z21
+
1
32N2f
Z44 +
1
32N2f
Z45 −
3
64N2f
Z47 −
1
32N2f
Z48 +
1
64N2f
Z49 +
1
32N2f
Z50 −
1
16N2f
Z51 −
1
32N2f
Z52 −
3
32N2f
Z54
−
3
16N2f
Z55 −
5
32N2f
Z59 −
5
32N2f
Z60 −
5
32N2f
Z61 −
7
64N2f
Z62 −
1
16N2f
Z63 +
1
64N2f
Z79 −
1
64N2f
Z80 −
1
32N2f
Z81 ,
46
K37 = −
1
64
Z11 −
1
64
Z15 −
1
64
Z21 −
1
64B20
Z27 −
1
32B20
Z28 +
1
32B20
Z29 −
1
64B0
Z33 +
1
64B0
Z36 −
1
16B0
Z38
−
1
16B0
Z39 −
1
32B0
Z40 +
1
32
Z46 +
1
64
Z47 +
1
32
Z48 +
1
64
Z49 −
1
32
Z50 +
1
16
Z51 +
1
32
Z52 −
1
32
Z53 +
1
32
Z54
+
1
16
Z55 −
1
32
Z56 −
1
16
Z58 +
1
16
Z59 +
1
16
Z60 +
1
16
Z61 +
3
64
Z62 +
1
32
Z63 +
1
32B0
Z64 +
1
32B0
Z65
+
1
16B0
Z66 −
1
32B20
Z67 −
1
16B20
Z68 +
1
32B0
Z76 +
1
64
Z80 +
1
64
Z81 ,
K39 = −
1
32B20
Z28 −
1
32B0
Z38 −
1
32B0
Z39 −
1
16
63∑
n=53
Zn +
1
16B0
Z64 +
1
16B0
Z65 +
1
16B0
Z66 −
1
16B20
Z68
−
1
64B30
Z89 +
1
64B20
Z90 +
1
64B20
Z91 −
1
64B0
Z94 ,
K41 =
1
32NfB20
Z28 +
1
16NfB0
Z38 +
1
16NfB0
Z39 +
1
8Nf
63∑
n=53
Zn −
1
8NfB0
Z64 −
1
8NfB0
Z65 −
1
8NfB0
Z66
+
1
16NfB20
Z68 −
1
64NfB20
Z90 −
1
64NfB20
Z91 +
1
32NfB0
Z94 ,
K42 = −
1
32N2fB0
Z38 −
1
32N2fB0
Z39 −
1
16N2f
63∑
n=53
Zn +
1
16N2fB0
Z64 +
1
16N2fB0
Z65 +
1
16N2fB0
Z66
−
1
64N2fB0
Z94 ,
K43 =
1
32B20
Z28 −
1
32B20
Z29 +
1
32B0
Z38 +
1
32B0
Z39 +
1
32B0
Z40 +
1
16
63∑
n=53
Zn −
1
16B0
Z64 −
1
16B0
Z65
−
1
16B0
Z66 +
1
16B20
Z67 +
1
16B20
Z68 ,
K44 = −
1
16NfB0
Z38 −
1
16NfB0
Z39 −
1
16NfB0
Z40 −
1
8Nf
63∑
n=53
Zn +
1
8NfB0
Z64 +
1
8NfB0
Z65 +
1
8NfB0
Z66 ,
K46 =
1
16Nf
63∑
n=53
Zn −
1
16NfB0
Z64 −
1
16NfB0
Z65 −
1
16NfB0
Z66 ,
K47 = −
1
16
63∑
n=53
Zn +
1
16B0
67∑
n=64
Zn −
1
16B20
Z68 ,
K49 =
1
64
Z1 +
1
32
Z10 +
1
64
Z13 +
1
32
Z14 −
1
32
Z15 +
1
64
Z16 −
1
32
Z44 −
1
32
Z45 +
1
16
Z47 +
1
16
Z48 −
1
32
Z50 +
1
8
Z51
+
1
16
Z52 +
5
32
Z54 +
9
32
Z55 +
1
32
Z57 +
1
4
Z59 +
1
4
Z60 +
1
4
Z61 +
3
16
Z62 +
1
8
Z63 +
1
64
Z69 +
1
64
Z72 −
1
64
Z79
+
1
32
Z80 +
3
64
Z81 +
1
64
Z86 ,
K52 =
1
64
Z3 +
1
64
Z10 +
1
64
Z13 +
1
32
Z14 −
1
64
Z15 +
1
64
Z16 −
1
32
Z44 −
1
32
Z45 +
1
32
Z47 +
1
32
Z48 −
1
32
Z50 +
1
16
Z51
+
1
32
Z52 +
3
32
Z54 +
5
32
Z55 +
1
32
Z57 +
3
16
Z59 +
3
16
Z60 +
5
32
Z61 +
1
8
Z62 +
3
32
Z63 +
1
32
Z70 +
1
32
Z73 +
1
32
Z80
+
1
32
Z81 +
1
32
Z84 ,
K54 =
1
64
Z2 −
3
64
Z10 +
1
32
Z11 −
1
32
Z13 −
1
16
Z14 +
5
64
Z15 −
1
32
Z16 +
1
16
Z44 +
1
16
Z45 −
1
8
Z47 −
5
32
Z48 −
1
32
Z49
+
1
16
Z50 −
5
16
Z51 −
5
32
Z52 −
3
8
Z54 −
5
8
Z55 −
1
8
Z57 −
5
8
Z59 −
5
8
Z60 −
19
32
Z61 −
15
32
Z62 −
11
32
Z63 −
3
64
Z69
−
1
32
Z70 +
1
64
Z71 −
1
32
Z72 −
1
16
Z73 +
1
64
Z79 −
3
32
Z80 −
7
64
Z81 −
1
32
Z84 +
1
32
Z85 −
1
64
Z86 ,
47
K58 =
1
64
Z5 −
1
64
Z10 +
1
64
Z15 −
1
32
Z47 −
1
32
Z48 −
1
16
Z51 −
1
32
Z52 −
1
16
Z54 −
1
8
Z55 −
1
16
Z59 −
1
16
Z60 −
3
32
Z61
−
1
16
Z62 −
1
32
Z63 −
1
64
Z69 +
1
64
Z71 −
1
32
Z74 +
1
64
Z79 −
1
64
Z81 −
1
64
Z87 ,
K60 =
1
64
Z4 +
1
64
Z10 −
1
32
Z11 −
3
64
Z15 +
1
16
Z47 +
3
32
Z48 +
1
32
Z49 +
3
16
Z51 +
3
32
Z52 +
3
16
Z54 +
5
16
Z55 +
1
16
Z57
+
1
4
Z59 +
1
4
Z60 +
9
32
Z61 +
7
32
Z62 +
5
32
Z63 +
3
64
Z69 −
1
32
Z71 +
1
64
Z72 +
1
32
Z73 +
1
32
Z74 −
1
64
Z79 +
1
32
Z80
+
3
64
Z81 −
1
32
Z85 +
1
64
Z87 ,
K64 =
1
64
Z10 +
1
64
Z13 +
1
32
Z14 −
1
64
Z15 +
1
64
Z16 −
1
32
Z44 −
1
32
Z45 +
1
32
Z47 +
1
32
Z48 −
1
32
Z50 +
1
16
Z51 +
1
32
Z52
+
1
8
Z54 +
3
16
Z55 +
1
16
Z57 +
9
32
Z59 +
9
32
Z60 +
7
32
Z61 +
3
16
Z62 +
5
32
Z63 +
1
16
Z70 +
1
16
Z73 +
1
64
Z79 +
1
16
Z80
+
3
64
Z81 +
1
32
Z84 ,
K66 =
1
32
Z10 −
1
32
Z15 −
1
16
Z46 +
1
16
Z47 +
1
16
Z48 +
1
8
Z50 +
1
8
Z51 +
1
16
Z52 −
1
16
Z53 +
1
8
Z55 −
1
16
Z56 −
1
8
Z57
−
1
8
Z59 −
1
8
Z60 −
1
16
Z62 −
1
8
Z63 +
1
16B0
Z64 +
1
16B0
Z65 +
3
32
Z69 −
1
16
Z71 +
1
8
Z74 −
1
16B0
Z76 −
1
16
Z79
−
1
16
Z80 +
1
32
Z87 ,
K67 =
1
16
Z10 +
1
32
Z13 +
1
16
Z14 −
1
16
Z15 +
1
32
Z16 −
1
16
Z44 −
1
16
Z45 −
1
16
Z46 +
1
8
Z47 +
1
8
Z48 +
1
16
Z50 +
1
4
Z51
+
1
8
Z52 −
1
16
Z53 +
1
4
Z54 +
1
2
Z55 −
1
16
Z56 +
7
16
Z59 +
7
16
Z60 +
7
16
Z61 +
5
16
Z62 +
3
16
Z63 +
1
16B0
Z64 +
1
16B0
Z65
+
3
32
Z69 +
1
16
Z72 −
1
16B0
Z76 −
1
32
Z79 +
1
16
Z80 +
3
32
Z81 +
1
32
Z86 ,
K68 =
1
32
Z11 +
1
32
Z15 +
1
16
Z46 −
1
32
Z47 −
1
16
Z48 −
1
32
Z49 −
1
8
Z50 −
1
8
Z51 −
1
16
Z52 +
1
16
Z53 −
1
16
Z54 −
1
8
Z55
+
1
16
Z56 −
1
8
Z59 −
1
8
Z60 −
1
8
Z61 −
3
32
Z62 −
1
16
Z63 −
1
16B0
Z64 −
1
16B0
Z65 −
3
32
Z69 +
1
32
Z71 −
1
32
Z72 −
1
16
Z73
+
1
16B0
Z76 −
1
32
Z80 −
1
32
Z81 +
1
32
Z85 ,
K71 =
1
32
Z46 +
1
16
Z47 +
1
32
Z48 −
1
32
Z49 −
1
4
Z50 +
1
2
Z51 +
1
4
Z52 +
1
32
Z53 +
1
8
Z54 +
1
8
Z55 +
1
32
Z56 +
1
16
Z57 +
1
4
Z59
+
1
4
Z60 +
3
16
Z61 +
3
16
Z62 +
1
8
Z63 −
1
32B0
Z64 −
1
32B0
Z65 +
1
16
Z70 +
1
32B0
Z76 +
1
32
Z79 +
1
16
Z80 +
1
32
Z81 ,
K73 = −
1
32
Z46 −
1
16
Z47 −
1
32
Z48 +
1
32
Z49 +
1
4
Z50 −
1
2
Z51 −
1
4
Z52 −
1
32
Z53 −
1
8
Z54 −
1
8
Z55 −
1
32
Z56 −
1
16
Z57 −
1
4
Z59
−
1
4
Z60 −
3
16
Z61 −
3
16
Z62 −
1
8
Z63 +
1
32B0
Z64 +
1
32B0
Z65 +
1
16
Z74 −
1
32B0
Z76 −
1
32
Z79 −
1
16
Z80 −
1
32
Z81 ,
K75 =
1
16
Z46 −
1
8
Z47 −
1
16
Z48 +
1
16
Z49 +
1
4
Z50 −
5
4
Z51 −
5
8
Z52 +
1
16
Z53 +
1
16
Z56 +
1
8
Z57 +
1
8
Z63 −
1
16B0
Z64
−
1
16B0
Z65 −
3
16
Z69 +
1
16
Z71 +
1
16B0
Z76 ,
K76 = −
1
8
Z46 +
3
8
Z50 −
1
8
57∑
n=53
Zn −
1
8
63∑
n=59
Zn +
1
8B0
Z64 +
1
8B0
Z65 +
3
16
Z69 +
1
16
Z72 −
1
8B0
Z76 ,
K78 =
1
32
Z46 +
1
16
Z47 +
1
32
Z48 −
1
32
Z49 −
5
16
Z50 +
5
8
Z51 +
5
16
Z52 +
1
32
Z53 +
1
16
Z54 +
1
16
Z55 +
1
32
Z56 +
1
16
Z59
+
1
16
Z60 +
1
16
Z61 +
1
16
Z62 −
1
32B0
Z64 −
1
32B0
Z65 −
1
16
Z73 +
1
32B0
Z76 ,
K81 =
1
16B0
Z75 ,
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K83 =
1
32B0
Z38 +
1
32B0
Z39 +
1
16B0
Z75 +
1
32B0
Z82 ,
K85 =
1
16B0
Z38 +
1
16B0
Z39 +
1
32B0
Z83 ,
K86 = −
1
64
Z10 −
1
64
Z13 +
1
64
Z15 +
1
64
Z16 +
1
32
Z44 −
1
32
Z47 −
1
32
Z48 +
1
32
Z50 −
1
16
Z51 −
1
32
Z52 −
1
32
Z54 −
1
16
Z55
−
1
16
Z59 −
1
16
Z60 −
1
16
Z61 −
1
32
Z62 ,
K89 = −
1
32
Z19 +
1
32
Z20 −
1
32
Z44 +
1
32
Z47 +
1
32
Z48 −
1
32
Z50 +
1
16
Z51 +
1
32
Z52 +
1
32
Z54 +
1
16
Z55 +
1
16
Z59 +
1
16
Z60
+
1
16
Z61 +
1
32
Z62 ,
K90 =
1
64
Z7 −
1
64
Z8 +
1
32
Z10 +
1
64
Z13 +
1
32
Z14 −
1
32
Z15 +
1
64
Z16 −
1
32
Z44 −
1
32
Z45 +
1
32
Z46 +
1
16
Z47 +
1
16
Z48
+
1
32
Z50 −
1
16
Z51 −
1
32
Z52 +
1
32
Z53 +
3
16
Z54 +
5
16
Z55 +
1
32
Z56 +
1
16
Z57 +
9
32
Z59 +
9
32
Z60 +
9
32
Z61 +
7
32
Z62
+
5
32
Z63 −
1
32B0
Z64 −
1
32B0
Z65 +
1
32B0
Z76 −
1
64
Z79 +
1
32
Z80 +
3
64
Z81 ,
K92 =
1
64
Z11 +
1
64
Z15 +
1
64
Z22 −
1
64
Z23 −
1
32
Z46 −
1
64
Z47 −
1
32
Z48 −
1
64
Z49 −
1
16
Z50 +
1
8
Z51 +
1
16
Z52 −
1
32
Z53
−
3
32
Z54 −
1
8
Z55 −
1
32
Z56 −
1
16
Z57 −
1
8
Z59 −
1
8
Z60 −
1
8
Z61 −
7
64
Z62 −
3
32
Z63 +
1
32B0
Z64 +
1
32B0
Z65
−
1
32B0
Z76 −
1
64
Z80 −
1
64
Z81 ,
K94 =
1
16
Z15 −
1
16
Z46 −
1
16
Z48 −
1
16
Z49 −
1
16
Z53 −
1
4
Z54 −
1
4
Z55 −
1
16
Z56 −
1
8
Z57 −
1
4
Z59 −
1
4
Z60 −
1
4
Z61
−
1
4
Z62 −
1
4
Z63 +
1
16B0
Z64 +
1
16B0
Z65 −
1
16B0
Z76 −
1
16
Z81 ,
K95 =
1
32
Z10 +
1
32
Z13 −
1
32
Z15 +
1
32
Z16 −
1
16
Z44 +
1
16
Z47 +
1
16
Z48 −
1
16
Z50 +
1
8
Z51 +
1
16
Z52 +
3
16
Z54 +
1
4
Z55
+
1
4
Z59 +
1
4
Z60 +
1
4
Z61 +
3
16
Z62 +
1
8
Z63 +
1
16
Z81 ,
K97 =
3
128
Z10 +
1
128
Z13 +
1
64
Z14 −
3
128
Z15 +
1
128
Z16 −
1
64
Z18 +
1
64
Z19 +
1
64
Z20 −
1
32
Z45 +
1
32
Z46 +
1
64
Z47 +
1
32
Z48
+
1
64
Z49 +
1
32
Z53 +
1
8
Z54 +
3
16
Z55 +
1
32
Z56 +
1
16
Z57 +
5
32
Z59 +
5
32
Z60 +
5
32
Z61 +
9
64
Z62 +
1
8
Z63 −
1
32B0
Z64
−
1
32B0
Z65 +
1
32B0
Z76 −
1
64
Z79 +
1
64
Z80 +
1
32
Z81 ,
K100 = −
1
32
Z46 −
1
16
Z47 −
1
32
Z48 +
1
32
Z49 +
5
16
Z50 −
5
8
Z51 −
5
16
Z52 −
1
32
Z53 −
3
16
Z54 −
5
16
Z55 −
1
32
Z56 −
1
16
Z57
−
5
16
Z59 −
5
16
Z60 −
5
16
Z61 −
1
4
Z62 −
3
16
Z63 +
1
32B0
Z64 +
1
32B0
Z65 −
1
32B0
Z76 −
1
16
Z80 −
1
16
Z81 ,
K101 =
1
32
Z46 +
1
16
Z47 +
1
32
Z48 −
1
32
Z49 +
1
16
Z50 +
5
8
Z51 +
5
16
Z52 +
1
32
Z53 +
1
16
Z54 +
3
16
Z55 +
1
32
Z56 +
1
16
Z57
+
3
16
Z59 +
3
16
Z60 +
3
16
Z61 +
1
8
Z62 +
1
16
Z63 −
1
32B0
Z64 −
1
32B0
Z65 +
3
16
Z69 +
1
32B0
Z76 +
1
16
Z80 ,
K102 =
1
32B0
Z38 +
1
32B0
Z39 +
1
64B0
Z92 −
1
64B0
Z93 ,
K104 =
1
64
Z46 +
1
32
Z47 +
1
64
Z48 −
1
64
Z49 −
3
32
Z50 +
3
16
Z51 +
3
32
Z52 −
3
64
Z53 −
1
32
Z54 −
1
32
Z55 −
1
64
Z56 −
1
32
Z57
−
1
32
63∑
n=59
Zn +
1
64B0
Z64 +
3
64B0
Z65 −
1
64B0
Z76 +
1
32B0
Z77 +
1
32
Z78 ,
K105 = −
1
64
Z9 −
1
128
Z10 +
1
64
Z11 +
1
64
Z12 −
1
128
Z13 −
1
64
Z14 +
3
128
Z15 −
1
128
Z16 −
1
64B0
Z32 +
1
64B0
Z33
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+
1
64B0
Z34 −
1
64B0
Z35 −
1
32B0
Z39 +
1
32
Z44 −
1
64
Z46 −
1
32
Z47 −
3
64
Z48 −
1
64
Z49 +
3
64
Z50 −
3
32
Z51 −
3
64
Z52
−
5
64
Z53 −
3
16
Z54 −
9
32
Z55 −
3
64
Z56 −
3
32
Z57 −
9
32
Z59 −
9
32
Z60 −
9
32
Z61 −
7
32
Z62 −
5
32
Z63 +
3
64B0
Z64
+
5
64B0
Z65 −
3
64B0
Z76 +
1
32B0
Z77 +
1
32
Z78 −
1
32
Z80 −
1
32
Z81 ,
K107 = −
1
16B0
Z39 ,
K109 =
1
8
Z50 −
1
4
Z51 −
1
8
Z52 +
1
8
Z55 +
1
8
Z59 +
1
8
Z61 ,
K110 =
1
16
Z46 +
1
16
Z48 +
1
16
Z49 −
1
8
Z50 +
1
4
Z51 +
1
8
Z52 +
1
16
Z53 +
1
8
Z54 +
1
8
Z55 +
1
16
Z56 +
1
8
Z57 +
1
8
Z59
+
1
8
Z60 +
1
8
Z61 +
1
8
Z62 +
1
8
Z63 −
1
16B0
Z64 −
1
16B0
Z65 +
1
16B0
Z76 ,
K111 =
1
16
Z44 −
1
16
Z45 −
1
8
Z47 −
1
16
Z48 +
1
16
Z49 +
5
8
Z50 −
5
4
Z51 −
5
8
Z52 −
1
8
Z54 −
1
4
Z55 −
5
16
Z59 −
5
16
Z60
−
5
16
Z61 −
3
16
Z62 −
1
16
Z63 −
1
32
Z79 −
1
16
Z80 −
1
32
Z81 ,
K112 =
1
16
Z44 +
1
16
Z45 +
1
16
Z46 +
1
16
Z53 +
1
8
Z54 +
1
8
Z55 +
1
16
Z56 +
1
8
Z57 +
3
16
Z59 +
3
16
Z60 +
3
16
Z61 +
3
16
Z62
+
3
16
Z63 −
1
16B0
Z64 −
1
16B0
Z65 +
1
16B0
Z76 +
1
32
Z79 +
1
16
Z80 +
1
32
Z81 ,
K113 =
1
4
63∑
n=53
Zn −
1
4B0
Z64 −
1
4B0
Z65 −
1
4B0
Z66 +
1
4B20
Z68 ,
K114 = Z50 +
1
2
Z69 ,
K115 = −
1
4
Z50 +
1
2
Z51 +
1
4
Z52 . (C1)
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To help understanding mutual relation between the definition of symbols in our formulation and those in Ref.[14],
in Table XIII, we give a comparison.
TABLE XIV. Comparisons between the symbols introduce in Ref.[14] (the first and third columns)
and corresponding ones defined in present paper (the second and fourth columns).
Ref. [14] Present paper Ref. [14] Present paper
gR VR χ
µ
− 4iB0d
µpΩ − 4iB0sΩa
µ
Ω − 4iB0a
µ
ΩsΩ
gL VL F
µν
L,R f
µν
L,R
u(ϕ) Ω fµν+ 2V
µν − 2i(aµΩa
ν
Ω − a
ν
Ωa
µ
Ω)
uµ 2aµΩ ∇
λfµν+ 2d
λV µν − 2idλ(aµΩa
ν
Ω − a
ν
Ωa
µ
Ω)
u · u = uµuµ 4a2Ω f
µν
− −2(d
µaνΩ − d
νaµΩ)
χ χ ∇λfµν− −2(d
λdµaνΩ − d
λdνaµΩ)
χ+ 4B0sΩ h
µν 2(dµaνΩ + d
νaµΩ)
χµ+ 4B0d
µsΩ + 4B0pΩa
µ
Ω + 4B0a
µ
ΩpΩ ∇
µ dµ
χ− 4iB0pΩ Γ
µ −ivµΩ
In obtaining (C1), some dependent terms must be reduced into independent terms, in Table XV, the first column is
the dependent operators and the second column is the sum of its corresponding independent operators.
TABLE XV. Expand dependent operator in terms of independent operators
dependent operator corresponding independent operators
tr(uµuνh
µλhνλ) − 12Y3 +
1
2Y28 −
1
Nf
Y30 +
1
Nf
Y34 −
1
2N2
f
Y36 −
1
2Y37 + Y54 − Y60
+Y68 +
1
2Y92 + Y94 +
1
2Y105
tr(uµuνh
µλfνλ− 2Y1 −
1
2Y3 +
3
2Y5 +
3
Nf
Y30 − 3Y31 + 2Y33 −
3
Nf
Y34 +
3
2N2
f
Y36 −
1
2Y37
+uµuνf
µλ
− h
νλ) −2Y49 − Y52 + 4Y54 + Y58 − 2Y60 − Y64 − 2Y66 − 4Y67 + Y68
+Y86 − 2Y90 +
1
2Y92 + 2Y94 − 2Y95 −
3
2Y97 + Y105
tr(uµuνh
νλhµλ) −Y1 −
1
2Y5 +
1
2Y28 −
2
Nf
Y30 + Y31 − Y33 +
2
Nf
Y34 −
1
N2
f
Y36
+Y49 + Y52 − 2Y54 + Y64 + 2Y67 + Y90 + Y95 +
1
2Y97 −
1
2Y105
tr(uµhµνχ
ν
+ Y7 + Y11 − 2Y13 − Y17 −
1
2Y28 − Y33 +
2
Nf
Y34 − 2Y37 − Y39 +
2
Nf
Y41
+uµχν+hµν) −
1
N2
f
Y42 + Y43 −
2
Nf
Y44 + Y83 + 2Y85 + Y102 −
1
2Y105 − Y107
tr(i∇µfνλ+ f−νλuµ Y71 − Y73 − 2Y75 + Y78 − Y100 + Y101 +
1
2Y104 − 2Y111
−i∇µfνλ+ uµf−νλ)
tr(∇µf
µν
+ uνχ− −Y66 − Y67 + Y68 +
1
2Y71 −
1
2Y73 + Y75 − 2Y76 +
1
2Y78
−∇µf
µν
+ χ−uν) +
1
2Y90 −
1
2Y92 − Y94 +
1
2Y97 −
1
2Y100 +
1
2Y101 + Y110 +
1
4Y104 + Y112
tr(i∇µfνλ+ f−µνuλ −
1
2Y71 +
1
2Y73 + Y75 −
1
2Y78 +
1
2Y90 −
1
2Y92 − Y94 +
1
2Y97
+i∇µfνλ+ uνf−µλ) +
1
2Y100 −
1
2Y101 −
1
4Y104 + Y111
tr(ifµν+ hµλh
λ
ν )
1
2Y64 − Y66 + Y71 − Y73 − Y100 +
1
2Y101 − Y111 + Y112
tr(f+µνu
µχν− −Y66 − Y67 + Y68 +
1
2Y71 −
1
2Y73 + Y75 − 2Y76 +
1
2Y78 −
1
2Y83 − Y85
+f+µνχ
µ
−u
ν) + 12Y90 −
1
2Y92 − Y94 +
1
2Y97 −
1
2Y100 +
1
2Y101 −
1
4Y104 + Y110 + Y112
tr(∇µf
µν
+ ∇
λf+λν)
3
4Y71 −
3
4Y73 −
3
2Y75 −
1
2Y76 + Y78 −
1
2Y90 +
1
2Y92 +
1
2Y94
− 14Y97 − Y100 −
1
2Y101 +
1
4Y104 −
1
2Y109 − 2Y111 − 4Y114 + Y115
tr(∇µf
µν
− ∇
λf−λν) −
1
4Y71 +
1
4Y73 +
1
2Y75 −
1
4Y78 +
1
2Y94 −
1
2Y95 +
1
2Y101 +
1
2Y109
tr(∇µfνλ− ∇νf−µλ) −
1
4Y71 +
1
4Y73 +
1
2Y75 −
1
4Y78 +
1
2Y109
tr(iuµχ
µ
−χ+ Y19 + Y23 + Y33 + Y37 + Y39 −
1
Nf
Y41 − Y43
+iuµχ+χ
µ
−)
tr(iuµχ+〈χ
µ
−〉) Y24 + Y34 +
1
2Y41 −
1
2Nf
Y42 − Y44
tr(∇µfνλ+ ∇µf+νλ)
3
2Y71 −
3
2Y73 − 4Y75 + 2Y78 −
1
2Y90 +
1
2Y92
−2Y100 + 2Y101 +
1
2Y104 − Y109 − 4Y111 + 2Y115
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